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. . ' Abstract 

Let / : f/ — >■ A^ be a regular function on a smooth scheme U over a field 
O^ I K. Pantev, Toen, Vaquie and Vezzosi [171123) define the 'derived critical 

^N) ■ locus' Crit(/), an example of a new class of spaces in derived algebraic 

geometry, which they call ' — 1-shifted symplectic derived schemes'. 

They show that intersections of algebraic Lagrangians in a smooth 

symplectic K-scheme, and stable moduli schemes of coherent sheaves on a 

•^r ' Calabi-Yau 3-fold over K, are also —1-shifted symplectic derived schemes. 

Thus, their theory may have applications in algebraic symplectic geome- 
try, and in Donaldson-Thomas theory of Calabi-Yau 3-folds. 
C^ ' This paper defines and studies a new class of spaces we call 'algebraic 

d-critical loci', which should be regarded as classical truncations of the 

— 1-shifted symplectic derived schemes of [T7]. They are simpler than their 

derived analogues. We also give a complex analytic version of the theory. 

^^ ■ In the sequels [3H5lll2) we will apply d-critical loci to motivic and 

categorified Donaldson-Thomas theory, and to intersections of (derived) 
complex Lagrangians in complex symplectic manifolds. We will show that 
the important structures one wants to associate to a derived critical locus 
^^ ' — virtual cycles, perverse sheaves and mixed Hodge modules of vanishing 

• , cycles, and motivic Milnor fibres — can be defined for oriented d-critical 

^ ■ loci. 
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1 Introduction 

Pantev, Toen, Vaquie and Vezzosi [17''23' defined a new notion of derived critical 
locus. It is set in the context of Toen and Vezzosi's theory of derived algebraic 
geometry [20^22) . and consists of a quasi-smooth derived scheme X equipped 
with a — 1-shifted symplectic structure ui. In fact Pantev et ah [17] define k- 
shifted symplectic structures on derived stacks for fc G Z, but the case relevant 
to this paper is fc = — 1, and derived schemes rather than derived stacks. 
The following are examples of —1-shifted symplectic derived schemes: 

(a) The critical locus Crit(/) of a regular function f : U ^ A^ on a, smooth 
K-scheme U. 

(b) The intersection L n M of smooth Lagrangians L,M in an algebraic sym- 
plectic manifold (S,uj). 

(c) A moduli scheme A^ of stable coherent sheaves on a Calabi-Yau 3-fold. 

Parts (b),(c) are the beginning of applications of these structures in symplectic 
geometry and in Donaldson-Thomas theory of Calabi-Yau 3-folds. 

This paper will define and study a new class of geometric objects we call d- 
critical loci {X,s). They are much simpler than —1-shifted symplectic derived 
schemes, and are entirely 'classical', by which we mean they are defined up to 
isomorphism in an ordinary category using classical algebraic geometry in the 
style of Hartshorne [9], rather than being defined up to equivalence in an 00- 
category using homotopy theory and derived algebraic geometry as in [20U22j . 

In fact we give two versions of the theory, complex analytic d-critical loci 
{X, s) in which X is a complex analytic space, and algebraic d-critical loci (X, s) 
in which X is a scheme over a field K. In both cases s G H^{Sx) is a global 
section of a certain sheaf Sx on X, satisfying some local conditions. When 
we can we give results and/or proofs for both complex analytic and algebraic 
versions simultaneously, or just briefly indicate the differences between the two. 



In the algebraic case there are several topologies we could work with — the 
Zariski topology, the etale topology, and for an embedding X ^->- C7 of a K- 
scheme X into a smooth K-scheme (7, it may be natural to consider the formal 
completion U oi U along X, and work Zariski or etale locally on U. Whenever 
we can, we will use the Zariski topology. One reason is that Theorem ll.4l below. 
proved in [5], requires the Zariski rather than the etale topology, as distinct 
motives in A^|^[L~^"] can become equal on an etale open cover of X. 

To persuade the reader that d-critical loci are a useful idea, we quote four 
results from the sequels [5H51[T^ to this paper: 

Theorem 1.1 (Bussi, Brav and Joyce [4). Suppose {X,uj) is a —1-shifted 
symplectic derived scheme over a field K in the sense of Pantev et al. 17 , and 
let X = io(-X^) &e the associated classical "K-scheme of X. Then X extends 
naturally to an algebraic d-critical locus {X,s). The canonical bundle Kx,s 
from ij2.4l is naturally isomorphic to the determinant line bundle det(Lx)|xr<=d 
of the cotangent complex Lx of X . Zariski locally on X one can reconstruct 
{X,uj) from (X, s) up to equivalence, but this may not be possible globally. 

That is, there is a (non-full) truncation functor from —1-shifted symplectic 
derived schemes to algebraic d-critical loci. The theorem implies that examples 
(a)-(c) above have the structure of d-critical loci. 

Theorem 1.2 (Joyce [12]). Suppose {S,ui) is a complex symplectic manifold, 
and L, M are complex Lagrangian submanifolds in S . Then the intersection 
X — L n M, as a complex analytic subspace of S, extends naturally to a com- 
plex analytic d-critical locus {X,s). The canonical bundle Kx,s from i j2.4l is 
naturally isomorphic to ifz,|xrod ® Km\x''"^- The analogue also holds for alge- 
braic symplectic manifolds over a field IK, and algebraic d-critical loci. 

Thus, we can use complex analytic d-critical loci in the study of (non- 
algebraic) complex symplectic manifolds. Note that we could not do this us- 
ing — 1-shifted symplectic derived schemes as in [T7l, without first extend- 
ing [T7 }[20H22] to complex analytic geometry. 

In §2.41 for a d-critical locus [X, s) we construct a line bundle Kx,s on 
the reduced complex analytic subspace or subscheme X'"^^, called the canonical 
bundle of (X, s), and in ij2.5l we define an orientation on {X,s) to be a choice 
of square root kJ_^ of Kx,s on X'^'^'^. li X = Crit(/) for U a complex manifold 

and f : U ^ C holomorphic then Kx,s — K® l^rcd , so there is a natural square 
root Kjj\x^o<i for Kx,s- Examples in i 32.5l show that orientations need not exist, 
or be unique. Here are two results on oriented d-critical loci: 

Theorem 1.3 (Bussi, Brav, Dupont, Joyce and Szendroi [3 ). Let {X,s) be a 

1/2 

complex analytic d-critical locus with orientation K-^ ^. Then we construct a 
"L-perverse sheaf P^s' "^ ^-module Dx,s, cind a mixed Hodge module H^ ^ on 
X. If {X,s),K-^ ^ are locally modelled on Ciit{f), Kij\crit(fy'"^ for U a complex 
manifold and /:[/—?> C holomorphic, then P^ g, Dx,s, H\ ^ are modelled on the 
perverse sheaf, ^-module and mixed Hodge module of vanishing cycles of U, f . 



Analogues hold for oriented algebraic d-critical loci {X,s), yielding an alge- 
braic Tj-perverse sheaf P^ j, & -module Dx,s, o,nd mixed Hodge module H^ ^ on 
X if X is a C-scheme, and a Zi-perverse sheaf Px s ^^'^ ^ ^-module Dx,s on 
X if X is a K-scheme and I =/= char K a prime. 

Theorem 1.4 (Bussi, Joyce and Meinhardt [S]). Let {X,s) be an algebraic 

1/2 

d- critical locus over K with an orientation Kx s- Then we construct a motive 

MFx,s in a certain ring of motives M^^~^''^] over X. If {X,s),K^ ^ are 
Zariski locally modelled on Crit(/),iir[/|(^j.ij(y)rcd for U a smooth 'K-scheme and 
f -.U ^ A^ regular, thenMFx^s is locally modelled on L" '*™^/2([X]-A'fF™°*), 
where MF^°} is the motivic Milnor fibre of f. 

Theorems 11.31 and 11.41 also have apphcations to extensions of Donaldson- 
Thomas theory of Calabi-Yau 3- folds, as in P"5HT51[T5] . Theorem 11.31 is impor- 
tant for categorification of Donaldson-Thomas invariants — defining a graded 
vector space (the hypercohomology H* (PJ j, ) of the perverse sheaf) whose di- 
mension is the Donaldson-Thomas invariant — and hence for constructing co- 
homological Hall algebras, following Kontsevich and Soibelman |15j . Theorem 
11.41 is helpful for defining motivic Donaldson-Thomas invariants, as in [14) . 

We have explained that d-critical loci are classical truncations of — 1-shifted 
symplectic derived schemes in |17) . There is another geometric structure which is 
a semiclassical truncation of —1-shifted symplectic derived schemes: Behrend's 
schemes with symmetric obstruction theories !l|, which we now define. 

Definition 1.5. Let X be a K-scheme. A perfect obstruction theory on X in 
the sense of Behrend and Fantechi [2] is a morphism : £* — ;■ Lx in the derived 
category Z?(qcoh(X)), where Lx is the cotangent complex of X, satisfying: 

(i) £' is quasi-isomorphic locally on X to a complex [J-^^^ -^ J-^] of vector 
bundles in degrees —1,0; 

(ii) /i°(0) : h^{£*) — > h^{hx) is an isomorphism; and 

(iii) h~^{(j)) : h~^{£') —> h^^(Lx) is surjective. 

Following Behrend |il , we call (f> : £* ^ Lx a symmetric obstruction theory if 
we also are given an isomorphism 9 : £' -^ £*'^[l] with 6'^[1] = 6. 

If [/ is a smooth K-scheme and /:[/—> A^ a regular function then X = 
Crit(/) has a natural symmetric obstruction theory : £' — >■ ILx with 

£'^[TU\x ^'^'"^ T*U\x]. (1.1) 

But Pandharipande and Thomas [T5] give examples of schemes X with sym- 
metric obstruction theories with X not locally isomorphic to a critical locus. 
Schemes with symmetric obstruction theories are the basis of Joyce and Song's 
theory of Donaldson-Thomas invariants of Calabi-Yau 3-folds [13]. If (-X", ui) is 
a —1-shifted symplectic derived scheme in the sense of Pantev et al. [T^, then the 
classical scheme X = to{X) has a symmetric obstruction theory (j) : £' ^ Lx 
with £* = i*{hx) and 9 = i*(a;o), where i : X ^^ X \s the inclusion. 



We illustrate the relations between these structures in Figure [01 The two 
dotted arrows '--+' indicate a construction which works locally, but not globally. 
That is, given an algebraic d-critical locus {X,s), then Zariski locally on X 
we can construct both a — 1-shifted symplectic derived scheme {X,uj), and a 
symmetric obstruction theory (/):£"*—> Lx, 0, uniquely up to equivalence, but 
we cannot combine these local models to make {X, uj) or £* ,(j),9 globally on X 
because of difficulties with gluing 'derived' objects on open covers. 
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Figure 1.1: Relations between different structures, and applications 

If X is a proper K-scheme with obstruction theory (p : £' ^ hx then 
Behrend and Fantechi define a virtual cycle [XY" in Chow homology A^,{X). If 
the obstruction theory is symmetric, and IK algebraically closed of characteristic 
zero, then Behrend [J (see also [13], §4]) shows that [X]™ e Aa{X), and 



J[x]^„l = x{X,i^x), 



(1.2) 



where vx is a Z- valued constructible function on X called the Behrend function, 
which depends only on X as a K-scheme. In particular, [X]^"' is independent 
of the choice of symmetric obstruction theory on X. 

If {X, s) is a proper algebraic d-critical locus, we define the virtual cycle of 
X to be x{X, vx) G Z, as in (jl.2[) . Although we will not do it in this paper, one 
can define a notion of family of d-critical loci over a base Y , and show that the 
virtual cycles of a proper family of d-critical loci are locally constant on Y . 

Example 12.91 below shows that locally, schemes with symmetric obstruction 
theories can contain strictly less information than algebraic d-critical loci. On 
the other hand, Example l2. 101 shows that schemes with (symmetric) obstruction 
theories can contain global, nonlocal information (in the form of a class in 
Ext^(T*X, T*X^)) which is forgotten by algebraic d-critical loci. 

The author and his collaborators tried for some time to construct perverse 
sheaves, and motivic Milnor fibres, from a scheme with symmetric obstruction 



theory, but failed, and the author now beheves this is not possible. So, one 
moral of Figure 11.11 is that d-critical loci are more useful than schemes with 
symmetric obstruction theories for various applications. 

Conventions. Throughout K will be an algebraically closed field with char K ^ 
2. In this paper all complex analytic spaces and K-schemes X will be assumed to 
be locally of finite type, as this is necessary for the existence of local embeddings 
X '^ U with U a complex manifold or smooth K-scheme. 
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Bertrand Toen for helpful conversations. This research was supported by EP- 
SRC Programme Grant EP/I033343/1. 

2 The main results 

This section, the heart of the paper, gives our central definitions, the main 
results, and some examples. The proofs of results stated in ij2.1i ij2.3l and W1A\ 
will be deferred until f}3l ||4]and fJSJ respectively. 

Some good background references on complex analytic spaces and analytic 
coherent sheaves upon them are Gunning and Rossi [S] and Grauert and Rem- 
mert [7]. A good book on K-schemes and sheaves in algebraic geometry is 
Hartshorne [9]. The relationship between C-schemes and complex analytic 
spaces is discussed in Hartshorne ^ App. B] and Serre's famous paper [15] . 

2.1 The sheaves Sx.Sx and d-critical loci 

The key idea of this section, d-critical loci, is explained in Definition 12.31 below. 
As a preliminary, we need to associate a sheaf Sx to each complex analytic 
space X, such that (very roughly) sections of Sx parametrize different ways of 
writing X as Crit(/) for U a complex manifold and f : U —i' C holomorphic. 
This we do in the next theorem, which will be proved in iJ31 

Note our convention from iJT]that all complex analytic spaces and K-schemes 
X in this paper are locally of finite type, which is necessary for the existence of 
embeddings i : X ^^ U for U a complex manifold or smooth K-scheme. 

Theorem 2.1. Let X be a complex analytic space. Then there exists a sheaf 
Sx of C-vector spaces on X, unique up to canonical isomorphism, which is 
uniquely characterized by the following two properties: 

(i) Suppose U is a complex manifold, R is an open subset in X, and i : R ^^ U 
is an embedding of R as a closed complex analytic subspace of U. Then 
we have an exact sequence of sheaves of C-vector spaces on R: 

^Ir.u ^i-\Ou)^-^Ox\r ^0, (2.1) 



where Ox,Ou are the sheaves of holomorphic functions on X,U, and i" 
is the morphism of sheaves of C-algebras on R induced by i, which is 
surjective as i is an embedding, and Ir.u = Ker(z'') is the sheaf of ideals 
in i~^{Ou) of functions on U near i{R) which vanish on i{R). 

There is an exact sequence of sheaves of C-vector spaces on R: 



0- 



■S 



•X\R ■ 



-\Oi, 



-^{T*U) 



P 



Ir.u 



^{T*U) 



(2.2) 



where d maps f + if 



(ii) Let R, U, i, lji_u and S*, V, j, is,v be as in (i) with i? C 5* C X, and suppose 
$ : f7 — > T^ is holomorphic with $ o i = j\fi as a morphism of complex 
analytic spaces R ^!- V. Then the following diagram of sheaves on R 
commutes: 



0- 



is.vIr j"HCv) 



rHT*v) 




(2.3) 



^X\R 



P 



Ir,u-i-HT*U) 

Here ^ : U ^ V induces ^^ : <i>~^(Oy) -^ Oy on U, so we have 

z-i($») : r^Ov)\R = i-' o $-i(Oy) -^ i-^Ou), (2.4) 

a morphism of sheaves of C-algebras on R. As ^oi = j\r, equation (|2.4p 



maps Is,v\r. -^ Ir,u, and so maps /| y\r, ^^ Irjj- Thus (|2.4p induces the 
morphism in the second column of ()2.3p . Similarly, d<i> : ^^^{T*V) — >■ 
T*U induces the third column of (12. 3p . 

These sheaves Sx also satisfy: 

(a) There is a natural decomposition Sx = Sx®Cx, where Cx is the constant 
sheaf on X with fibre C, and the subsheaf Sx C Sx is the kernel of the 
composition 



S 



•X 



■Ox 



O 



Xrcd , 



(2.5) 



with X'^°'^ the reduced complex analytic subspace of X, and ix '■ X'"^'^ ^^ X 
the inclusion. 

(b) There are natural exact sequences of sheaves of C-vector spaces on X : 



0- 



■h-\l.x) 



■S 



Q^h-\l.x) 



X 



^C>x 



fix 
Pi 



■O 



X 



^T*X = h°{]L 



X) 



■O 



dS)i\ 



X 



^T*X(BOxrc^, 



(2.6) 



(2.7) 



where Lx is the cotangent complex and T* X the cotangent sheaf of X . 



(c) The sheaf Sx is canonically isomorphic to the cohomology of the complex 

Il,u ^^ Ir,u ■ i-\T*U) -^ rHA2T*C/). (2.8) 

With the exception of (c), the analogue of all the above also holds for 
schemes over a field K in algebraic geometry, taking X to be a K-scheme with 
structure sheaf Ox and reduced K.-subscheme X'°'^, and Sx a sheaf of K- 
vector spaces on X, and R C_ X a Zariski open 'K-subscheme, and U a smooth 
'K-scheme, and replacing Cx by Kx- For (c), we must replace U by the formal 
completion U of U along i{R), so that the analogue of ()2.8p is 

/2^ ^ *. Ij^xr ■ i~HT*U) ^ i'H^^T*U), where 

t-\Ou) - lim i-\Ou)/I^,u, iRfi = lim Ir^u/TAu^ ^~\Oij). 



The next example, which is central to our theory, shows the point of Sx- 

Example 2.2. Let C/ be a complex manifold, / : C/ — !■ C be holomorphic, and 
X = Crit(/), as a closed complex analytic subspace of U. Write i : X ^^ U 
for the inclusion, and Ix,u ^ i~^{^u) for the sheaf of ideals vanishing on 
X<ZU. Then i-^{f) e H^i-^iOu)) with A{i-^(f)) G H°{lx u ■ i~\T*U)) C 
i/"(*-i(r*L/)),soz-i(/) + /i_^G7f0(z-i(O^)//i.^)withd(i-i(/)+4,^)e 
H°{i-^{T*U)/Ix,u ■ i-\T*U)). Thus by equation ([221) with i? = X, we see 
there is a unique section s S H°{Sx) with ix,u{s) = i^^{f) + Ix u- 

Thus, if we can write X = Crit(/) for /:[/—> C holomorphic, then we 
obtain a natural section s G H^{Sx)- Essentially s — f + I^f, where Id/ C 
Ou is the ideal generated by d/. Note that f\x — f + Idf, so s determines 
f\x- Basically, s remembers all of the information about / which makes sense 
intrinsically on X, rather than on the ambient space U. 

We can also explain the decomposition Sx — Sx ® Cx in this example. We 
will see in Example 12.61 that li X — Crit(/) then / need not be locally constant 
on X, but / is locally constant on the reduced complex analytic space X'^^'^. 
Since locally constant functions on X'^'"^ C U extend uniquely to locally constant 
functions on U near X'^'^'^, after shrinking U we can uniquely write f ^ f^ + c, 
where c : C/ ^' C is locally constant and f^:U^C has /"Ix^d = 0- Then /°, c 
correspond to the components of s in H^{Sx), H^iCx), and X = Crit(/°). 

The analogue also holds in the algebraic case, with U a smooth K-scheme 
and /:[/—> A"'^ a regular function. 

We can now define d-critical loci: 

Definition 2.3. A (complex analytic) d-critical locus is a pair {X, s), where X is 
a complex analytic space, and s G H'^{Sx) for Sx as in Theorem l2.1[ satisfying 
the condition that for each x G X, there exists an open neighbourhood i? of a; in 
X, a complex manifold U , a holomorphic function /:[/—!• C, and an embedding 



i : R ^^ U oi R as a closed complex analytic subspace of U, such that i{R) = 
Crit(/) as complex analytic subspaces of U, and iR,u{s\R) = i~^{f) + Ir u- 

Similarly, for K-schemes we define an {algebraic) d-critical locus to be a pair 
{X, s), where X is a K-scheme, and s g H*^{Sx) for Sx as in Theorem 12. 1[ such 
that X may be covered by Zariski open sets R C X with a closed embedding 
i : R ^^ U into a smooth K-scheme U and a regular function / : [/ ^ A^ = K, 
such that i{R) = Crit(/) as K-subschemes of U, and tij,c/(s|i^) = i^^if) + -^_r [/• 

In both cases we call the quadruple (i?, [/, /, i) a critical chart on (X, s). 



Remark 2.4. In Definition [231 we could instead have defined a d-critical locus 
(X, s) to have s £ iJ°(iSx) rather than s e H^{Sx), but with the rest of the 
definition the same. The difference is this: as in Example 12.21 ii X — Crit(/) 
for holomorphic /:[/—)■ C, then f\x"=<i is locally constant, and we can write 
f — P^ + c uniquely near X in C/ for /° :[/—>■ C holomorphic with Crit(/'^) = 
X = Crit(/), /°|x"<i = Oi and c : C/ — >■ C locally constant with c\xr<=d = /|x"d. 
Defining d-critical loci using s G H^{Sx), as we have done, corresponds to 
remembering only the function /° near X in U, and forgetting the locally con- 
stant function f\x"=<i ■ X'^^^ — > C. Equivalently, it corresponds to remembering 
the closed 1-form d/ = d/° on U near X = (d/)~"'^(0). In the applications the 
author has in mind [3H51I12). taking s in H^{Sx) rather than H'^{Sx) is more 
natural, as there is no canonical value for /|x"d other than /Ij^rcd = 0. Also 
give an alternative description for Sx rather than Sx ■ 



As in Hartshorne "9", App. B] and Serre 18 , there is an analytification functor 
from algebraic C-schemes X to complex analytic spaces AT^", where the points 
of AT™ are the C-points of AT. It is easy to show that this extends to d-critical 
loci, and we leave the details to the reader: 

Proposition 2.5. Let {X, s) be an algebraic d-critical locus over the field K = 
C. Then the complex analytic space AT^" associated to the C-scheme X extends 
naturally to a complex analytic d-critical locus (A'^",s^"). 

2.2 Examples of sheaves Sx,Sx and d-critical loci 

Let U he a complex manifold, / : t/ — > C be holomorphic, and X = Crit(/), as 
a complex analytic space. Then f\x : AT — ?► C is holomorphic, and d{f\x) = in 
H^{T*X). Experience with calculus on manifolds suggests that if g : AT — ^ C is 
holomorphic with dg = in H^{T*X) then g is locally constant on X . However, 
this is true only for reduced complex analytic spaces or K-schemes X. Here is 
an example of a non-reduced critical locus with J\x not locally constant: 

Example 2.6. Define / : C^ ^ C by f{x,y) = x^ + x^y^ ^_ ^5^ ^-^^ ^ei X = 
Crit(/), as a complex analytic space. Then f\x & H^{Ox)- We have d(/|x) = 
e H'^[T*X), since X = d/~^(0). Suppose for a contradiction that / is 
constant on X near (0, 0). Then we may write 

f{x,y)^A+llB{x,y) + fyC{x,y) 



on C near (0,0), for some hofomorphic functfons B^C defined near (0,0) in 
C . That is, we have 

x5+x2y2 + ,/ = A + (5a;4 + 2a;2/2) ^ B,^jx'y^ + {2x^y + 5y^) ^ a^x^yK 
Comparing coefBcients of x^,y^,x^y^ give the equations 

which have no solution. Thus in this case, f\x is not locally constant on X. 

li X — Crit(/) and X"'^'^ is the reduced complex analytic subspace of X, then 
/Ixrcd is always locally constant. This is why we defined Sx using restriction 
to X"'^'^ in Theorem 12. iT a). Combining Theorem 12. iT a) . (b) we deduce: 

Corollary 2.7. Suppose X is a complex analytic space, and the following se- 
quence of sheaves of C-vector spaces on X is exact: 

^ Cx "'" > Ox ^T*X, (2.10) 

where inc ; Cx ^^ Ox is the inclusion of the constant functions into the holo- 
morphic functions. Then Sx == h^^{}^x)i so that Sx is a coherent sheaf on X, 
and Sx — h^^{I^x) ® Cx- The analogue also holds for M^-schemes. 

Now (|2.10p is exact if for g : X — )> C a locally defined holomorphic function, 
dg = implies g is locally constant. In Example l2.6l this fails, so in this example 
(|2.10p is not exact, and Sx ^ h^^{hx), and Sx is not a coherent sheaf on X . 

Next we consider smooth complex analytic spaces and K-schemes: 

Example 2.8. Suppose X is a complex manifold, considered as a complex 
analytic space. Then in Theorem l2.1l we see that Sx — Cx, the constant sheaf, 
and iSx = 0, the zero sheaf. To see this, take R = X = U and i = idx : X ^- X 
in TheoremO Then /x,x = by (EH), and Sx = Ker(d : Ox ^ T*X) = Cx 
by (12. 2p . As Sx = there is a unique global section s — £ H^{Sx), and 
{X, 0) is a complex analytic d-critical locus, as it is Crit(0 : X — > C). 

Similarly, if X is a smooth K-scheme then Sx — IKx, and Sx ~ 0, and 
{X, 0) is an algebraic d-critical locus. 

Our next two examples compare algebraic d-critical loci with symmetric 
obstruction theories on K-schemes, as defined in Definition 11.51 



Example 2.9. Let K be a field of characteristic zero, and define X to be the 
K-scheme X = Spec(K[z]/(z")) for n ^ 2. Then X has an obvious embedding 
i : X ^^ A^ = Spec(K[z]) as the subscheme z" — in A^. It is a non-reduced 
point. Using this embedding X =-> A^, from Theorem l2.ir i) we find that 

rrO/c ^ r I 71+1 I I 2n — 1 , / 2n\ 

H [Sx) ^ [ao + On+lZ ^ -\ ha2n-lZ + [z ) ■■ 

0-0, ftn+li • ■ • ,0.2n-l G K| = K" , 
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and H^{Sx) C H^{Sx) is the subspace with oq = 0, isomorphic to K" 

Now let e C/ C A^ be open, and suppose / : C/ -> A^ is regular with 
/(O) = and Crit(/) = i{X). Write Ofe = ir0(O) for fc = 0, 1, . . . . Then 
/(O) = gives ao — 0, and Crit(/) = X is equivalent to ai = • • • = a„ = 
and a„+i ^ 0. The section s e H^{Sx) corresponding to / is / + (z^") = 
a^+i^"'"'"^ + • ■ • + a2n-iz^"'~^ + (z^"). From this we see that if s = a„+iz"+-^ + 
■ • ■ + a2n-iz'^"'^^ + (z^") e i/°(5^), then {X, s) is an algebraic d-critical locus 
if and only if a„+i 7^ 0. 

By equation (jl.ll) . the natural symmetric obstruction theory on X = Crit(/) 

is determined by gp-|j^, that is, by (n+ l)7ia„+iz"^^ H modulo (z"). Thus, 

in this example, the d-critical locus {X, s) associated to Crit(/) records the 
first n — 1 coefficients a„+i,a„_|_2, • ■ • , a2n-i in the power series expansion of 
f{z) = a„+iz"+-'^ + a„+2^"^^ + • • • at 0, but the symmetric obstruction theory 
4> : £' ^ Lx, 6 records only the first coefficient a^+i. Hence (at least in this 
case), the algebraic d-critical locus remembers more information, locally, than 
the symmetric obstruction theory. 

Example 2.10. Let t : C/ — > A^ be a smooth proper morphism of IK-schemes 
of relative dimension 2, whose fibres Ut for t S A^ are K?, surfaces. Set X = 
Uq C U, and regard t/, i as a 1-parameter family of deformations of X. 

We wish to compare Crit(t^ : U ^s- A^) and Crit(0 : X ^- A^) in the 
categories (or higher categories) of: 

(i) classical K-schcmes; 

(ii) algebraic d-critical loci; 

(iii) schemes with perfect obstruction theories [2]; 

(iv) schemes with symmetric obstruction theories [1] ; and 

(v) — 1-shifted symplectic derived schemes |T7]. 

We will see that the two are isomorphic in (i),(ii), but not equivalent in (iii)-(v). 
For (i), Crit(t^ : C/ ^- A^) and Crit(0 : X — > A"^) are both X as classical schemes. 
For (ii), as X is smooth 5^ = 0, so Crit(i2 : [/ ^ A^) and Crit(0 : X ^ A^) 
are both {X, 0) as algebraic d-critical loci. 

For (iii), write (f) : £' ^- l^x and tp ■ ^* ^' ^x for the obstruction theories 
from Crit(i2 : U ^ A^) and Crit(0 : X ^ A^). Then ^^ gives 

£' ^[TU\x^^^^^T*U\x], T' = [TX "—^T*X\x]. 

We want to know whether £' = T' in D{<\coHX)). Now T^-i(f*) = TX\V\ 
and t-^q{£*) = T*X, so we have a distinguished triangle in D{qcoh{X)): 

^ T*X[-1] -^^ TX[l] ^ £' ^ T*X ^ . 

That is, £' is the cone on a : T*X[-1] -^ TX[1] in i:i(qcoh(X)) for some a in 
Ext^{T*X,TX). Hence £' ^ J" if and only if a = 0. 
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The normal bundle j/ of X in U, and its dual ly* , are both isomorphic to Ox 

as i : [/ — J> A^ induces isomorphisms v = t*{ToA^), v* = i*(TQ*A^). Hence we 
have exact sequences 

^ TX s- TU\x ^ Ox ^ 0, 

^ Ox ^ T*U\x ^ T*X ^ 0. 

Let these correspond to elements /3' e Y^y±^{Ox,TX) and /3" G Ext^(r*X, Ox)- 
Then a = /3' o /3" e F^xi^ (T* X ,T X) = H^{TX (g) TX). 

Under the isomorphisms Ext^{Ox,TX) = H'^{TX) "^ Ext\T*X, Ojf), we 
see that f3',f3" are both identified with (3 E H^{TX), which parametrizes the 
infinitesimal deformation of {Ut : t G A^} at t = 0, so that informally /3 ^ 
^Ut\t=Q. The projection of a from H'^iTX (g, TX) to H^{A^TX) 9^ K is /3^ 

Let us choose the deformation t : U ^ A^ oi X = Uq so that the infinitesimal 
deformation /3 e H'^{TX) at i = satisfies P'^ ^ in H'^{k^TX) = K, which is 
possible by well known facts about Ki surfaces. Then a 7^ in Ext^(r*X, TX), 
and f* ^ J"*. Hence Crit(i^ : [/ -^ A^) and Crit(0 : X ^ h}) are not equivalent 
as schemes with perfect obstruction theories, as in (iii), and so a fortiori they 
are also not equivalent as schemes with symmetric obstruction theories, as in 
(iv), or as — 1-shifted symplectic derived schemes, as in (v). 

Observe that a e Ext^(r*X, TX) which distinguishes the obstruction the- 
ories is global information, which is locally trivial: if y C X is any affine open 
subset then a|y = as Ext^(r*y,rr) = 0. Thus (at least in this case), the 
(symmetric) obstruction theory remembers global, non-local information which 
is forgotten by the algebraic d-critical locus. 

This example shows that the dotted arrows '--+' in Figure lTTTl which indicate 
local constructions, cannot be made to work globally. 

Using related ideas, the author expects that if (X, s) is an algebraic d-critical 
locus, then there is an obstruction in Ext^ {T*X, (T*X)^) to finding a symmetric 
obstruction theory : f — > L^ , 9 ox\ X which is locally modelled on (|l.ip when 
(X, s) is locally modelled on Crit(/ : J7 — )• C). But the author does not know of 
an example in which this obstruction is nonzero. Finding such an example would 
show that the truncation functor from —1-shifted symplectic derived schemes 
to algebraic d-critical loci in [4 is not essentially surjective. 

2.3 Comparing critical charts {R,U,f,i) 

In ^2.1\ we defined a d-critical locus {X, s) to admit an open cover by critical 
charts {R,U, f,i), which write {X,s) as Crit(/) in an open set R C X. We 
will treat critical charts like coordinate charts on a manifold. Our analogues of 
transition functions between coordinate charts are called embeddings. 

Definition 2.11. Let {X,s) be a d-critical locus (either complex analytic or 
algebraic), and {R, U, /, i) be a critical chart on {X, s). Let U' C U he (Zariski) 
open, and set R' = i^^{U') C i?, so that R' C R (Z X are (Zariski) open, and 
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i' = i\j^, : R' ^ U', and /' = f\u' : U' ^ C or A\ Then {R', U' , /', i') is also a 
critical chart on {X, s), and we call it a subchart of (_R, U, /, i). As a shorthand 
we write (i?', [/', /', i') C (i?, [/, /, i). 

Let (i?, [/, /, i) and (5, V,g,j) be critical charts on (X, s), with R C S C X. 
An embedding of (i?, t/, /, i) in (5, F, <?, j) is a locally closed embedding $ : J7 ^-J> 
y of complex manifolds or K-schemes such that ^ o i ~ j\ji : R ^)- V and 
/ = go$:[/^-CorA^ As a shorthand we write <I> : (i?, [/, /, i) ^-s- {S, V,g,j) 
to mean $ is an embedding of (i?, U, /, i) in (S', V, g,j). 

Clearly, if $ : (R, U, /, z) -^ (5, ^ g, j) and 4- : (5, ^ g, j) -^ (T, W^, h, k) are 
embeddings, then * o $ : (i?, [/, /, i) ^-> (T, VF, /i, fc) is also an embedding. 

If <& : {R, U, f, i) ^^ {S, V, g, k) is an embedding then dim U < dim V. Thus, 
embeddings between critical charts [R, U, f, i) , (S, V.g.j) usually go in only one 
direction, and do not have inverses which are embeddings. The author drew 
some inspiration for these ideas from the theory of Kuranishi spaces in the 
work of Fukaya, Oh, Ohta and Ono [SI §A] in symplectic geometry: critical 
charts (i?, U, /, i) are like Kuranishi neighbourhoods on a topological space, and 
embeddings are like coordinate changes between Kuranishi neighbourhoods. 

In the algebraic case, it is sometimes convenient to work with critical charts 
(S*, V, g, j) in which V C A" is Zariski open in an affine space A". Every critical 
chart {R,U,f,i) locally admits embeddings into such a {S,V,g,j). The proof 
of the next proposition uses the assumption char K 7^ 2 from fJTJ 

Proposition 2.12. Let {R,U,f,i) be a critical chart on an algebraic d-critical 
locus (AT, s). Then for each x G R there exists a subchart {R' ,U' , f ,i') C 
{R,U,f,i) with X G R' and an embedding $ : [R' ,U' , f ,i') ^^ {S,V,g,j) into a 
critical chart [S, V,g,j) with V C A" Zariski open for some n ^ 0. 

Given two critical charts {R, U, f, i), {S, V, g, j) on (A, s), there need not exist 
embeddings between them (or their subcharts) in either direction. So to com- 
pare {R, U,f,i), {S,V,g,j), we construct embeddings of subcharts (i?', U',f',i'), 
(S", V, g'J') into a third critical chart (T, W, h, k) with dim W ^ dim U, dim V. 

Theorem 2.13. Let (A, s) be a d-critical locus (either complex analytic or 
algebraic), and {R,U, f,i), {S,V,g,j) be critical charts on (A, s). Then for each 
X GRnS CX there exist subchaHs {R' ,U' J' ,i') C {R,UJ,i), {S',V',g',f) C 
{S,V,g,j) with X e i?' n S" C A, a critical chart (T, W, /i, fc) on (A, s), and 
embeddings $ : {R' ,U' , f ,i') -^► {T,W,h,k), * : {S',V' ,g',j') -^ {T,W,h,k). 

Remark 2.14. To see the point of the definition and theorem, we explain how 
they will be used. Often, given a d-critical locus (A, s), we want to construct 
some global object on A by gluing together local data by isomorphisms. Ex- 
amples include the canonical bundle Kx^s in ^2.4[ perverse sheaves, ^-modules 
and mixed Hodge modules on oriented d-critical loci (A, s) in [3] , and motivic 
Milnor fibres on oriented algebraic d-critical loci (A, s) in [SI . For each of these 
constructions, we use the following method: 

(i) For each critical chart {R, U, /, i) on (A, s), we define a geometric structure 
GR,UJ,^ on R, with gR,,U'.J',^' = Q R.u J Aw ^^^ {R' .U' J' ,i') C {R,UJ,t). 
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(ii) For each embedding $ : {R,U,f,i) ^-^ {S,V,g,j), we define a canonical 
isomorphism $* : GR,uj.i -^ Gs,v,g,j\R- We show $* is independent of $, 
that is, if $, l> : {R, U, /, i) M> {S, V, g, j) are embeddings then $* = $*. 

(iii) For embeddings $ : (i?, (7, /, ^) -^ (5, ^, g, j), * : (5, ^,.9, j) -^ (T, M^, /i, fc), 
we show that (* o $)^ = **|_r o $^ : Qr.uj,i -^ Qx.W-hAR- 

(iv) Choose critical charts {{Ra,Ua, fa,ia) '■ a G A} with {Ra : a G A} an 
open cover of X. Using (ii),(iii) and Theorem l2.13l we obtain isomorphisms 

l-ab ■ QRa.,UaJa-ia\RanRi ^ Q R^ ,Ui , h A^RanRi for fl, 6 £ A, wlth baa = id 

and ibc o tabU^nKtnfle = '^aclfi^nfl^nfle for a,b,c^ A. Thus, provided the 
geometric structures concerned form a sheaf, there exists Q on X^ unique 
up to canonical isomorphism, with Q\r^ = G R^.Ua.fa.ia foi' ^^ a G A. 

Our next three results say roughly that if $ : {R, U, /, i) ^^ {S, V, g, j) is 
an embedding of critical charts on {X, s), then locally near j{R) in V we have 
y ^ C/x C" or y ^ t/x A" and g ^ /fflz? + - ■ - + ^2, where n = dimF-dimC7. 
But in the algebraic case we have to be careful about which topology we mean 
when we say 'locally'. The complex analytic case is straightforward: 

Proposition 2.15. Let {X,s) be a complex analytic d-critical locus, and $ : 
{R,U,f,i) ^-J> {S,V,g,j) an embedding of critical charts on {X,s). Then for 
each X € R there exist open neighbourhoods U',V' of i{x),j{x) in U,V with 
$(C/') C V\ and holomorphic a : V -^ U, P : V -^ C for n = dimV ~ dimC/, 
such that a X /3 : V' -^ U X C" is a biholomorphism with an open subset of 
U X C", and ao^\u, =id[/', l3 o ^y, = 0, g\v' = / o a + (z^ H hz^) o/3. 

For the algebraic case, we give two statements. The first is a direct analogue 
of Proposition 12. 151 for the etale topology, regarding t : U' ^ U , j : V ^ V as 
etale neighbourhoods of i{x),j{x) in U, V, and $' : f/' — ;> V' with $ o t = j o $' 
as the analogue of $(f/') C V'. It will be used in [3j. 

Recall our convention in fJT] that the base field K of X is algebraically closed 
with charK ^ 2. Both these assumptions will be used in the proofs of Proposi- 
tions 12.161 and 12.171 since to define V we need to take square roots in K, and 
we need charK ^ 2 to diagonalize quadratic forms over K. 

Proposition 2.16. Let {X, s) be an algebraic d-critical locus, and $ : (R, U, /, i) 
'^-i> {S,V,g,i) an embedding of critical charts on {X,s). Then for each x £ 
R there exist smooth M^-schemes U',V', a point u' G [/', and morphisms u : 
U' ^ U, J : V ^ V, ^' : U' ^ V , a : V -^ U, and l3 : V ^ A" for 
n = dimy — dimC/, such that i{u') = i{x), and t :[/'—)■[/, j : y —)> V, 
a X 13 : V ^ U X A""- are etale, and $ o t = j o (()', a o $' == t, ^ o $' = 0, 
and goj — foQ: + {zl + • • • + z^) o j3. 

The second holds with U' a Zariski open neighbourhood of x in U, at the 
cost of giving a more general form for g o j : V' -^ A . It will be used in [5] . 

Proposition 2.17. Let (X, s) be an algebraic d-critical locus, and $ : (i?, U, /, i) 
•^^ {S,V,g,j) an embedding of critical charts on {X,s). Then for each x £ R 
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there exist a Zariski open neighbourhood U' of i[x) in U, a smooth ^-scheme 
y, and morphisms ] : V ^ V, <^' : U' ^ V , a : V ^ U' , ^ : F' -J- A" and 
gi, ..., q„ :[/'-> A^ \ {0} for n ~ dim V — dim U, such that j : V' ^ V and 
a X f3 : V ^ U' X A"^ are Stale, ^\u' = j o (()', a o ^' ^ idw, /3 o $' = 0, and 

g o ] = f o a + {q^o a) ■ {zlo P) + ■ ■ ■ + {q.^o a) ■ {zl o /3). (2.11) 



2.4 Canonical bundles of d-critical loci 

Propositions 12 . 15H2 . 1 71 locally describe embeddings $ : {R,U,f,i) ^-> {S,V,g,j) 
ol critical charts on {X,s). We can also associate a piece ol global data to 
$, a nondegenerate quadratic form q^v on the puUback i*(Nuv) of the normal 
bundle Nuv of <t>{U) in V. 

Proposition 2.18. Let {X,s) be a d-critical locus (either complex analytic or 
algebraic), and $ : {R,U,f,i) '-> {S,V,g,j) be an embedding of critical charts 
on {X,s). Write Nuv for the normal bundle of $(f/) in V, regarded as a 
(holomorphic or algebraic) vector bundle on U in the exact sequence 

>-TU — ^<P*{TV) ""''' - Nuv ^0, (2.12) 

so that i*{Nuv) is a vector bundle on R C X. Then there exists a unique 
quv G H^{S'^i*{N*^)) which is a nondegenerate quadratic form on i*{Nuv), 
with the following property in each case: 

(a) // {X,s) is a complex analytic d-critical locus and x,U' ,V' ,n,a, /3 are as 
in Proposition I2.15[ writing (dzi, . . . , dz„)[/' for the trivial vector bundle 
on U' with basis dzi,...,dz„ and R' = i~^{U') Q R Q X, there is a 
natural isomorphism (3 : (dzi, . . . ,dz„}t/' -^ N*^\i;> such that 

$|^,(dr)=n,,|^,o/3: 

$1^, o/3*(ro*C") = (dzi,...,dz„)c;. — > $|^,(T*F), 
with quv\w =i\*R'[{S'^t3)idzi«,dzi-\ h dz„ «> dz„)] . (2.14) 

(b) // {X, s) is an algebraic d-critical locus and x, U' , V , t, j, $', a, /3, n are as 
in Proposition I2.16[ then there is an isomorphism /3 : (dzi, . . . , dz„)[/' — >■ 
i*{N*y) making the following diagram of vector bundles on U' commute: 

i,*(N;^) ;— ^ ^i* o^*{T*V) = $'*o/(r*l/) 



A 



'•(n^v) 



$ ,. . *'*(d/)l (2.15) 

(dzi, . . . , dzn)u' - $'* o /3*(To*C") ""^''^'^ . $'*(r*l/'), 

and if R' = R Xi^u,^ U' with projections p : R' ^ R, i' : R' ^ U' , then 

p*{quv) = ^'* [(5^/3) (dzi ® dzi + ■ • ■ + dz„ (g) dz„)] . (2.16) 
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(c) // {X,s) is an algebraic d-critical locus and x,U' ,V' ,j,^' ,a, P,n,qa are 
as in Proposition I2.17[ then there is an isomorphism /3 : (dzi, . . . , dzn)u> 
-^ L*{N*y) making the following commute: 



-^mj,(T*V) = $'*o/(T*F) 



n*, 



N*,\u' — 

t,3 ^^ ^ *"(d/)J (2.17) 

(dzi, . . . , dzn}u' = $'* o /3*(To*C") ^"'-''^'^ > ^'*{T*V'), 

and if R' = i^^iU') CRCX, then 

QuvIb' = i\R' [qi ■ (^'/3)(dzi (g> dzi) + • ■ • + g„ • (52/3)(dz„ ® dz„)] . (2.18) 

A'^ow; suppose "^ : (S*, V, g, j) '—¥ (T, py, h, k) is another embedding of critical 
charts, so that ^o$ : (_R, U, /, i) ^-> (T, VF, ft., fc) is also an embedding, and define 
NvwtQvw o,nd Njj^^q^^v using "^ and "^ o ^ as above. Then there are unique 
morphisms ^uvwt&uvw which make the following diagram of vector bundles on 
U commute, with straight lines exact: 



'.Nr, 



q>*{TV) 



■N„ 




TV 







(*o$)*(rH/) 


(2.] 


^^«'' \^*(nv„.) 




0. 


^0 



Pulling back by i* gives an exact sequence of vector bundles on R C X : 
^ ^*iN,y) .S!2!!X^lU ,*(7V„„.) ''^'"'^"^^ : f{N...)\n -^ 0. (2.20) 



Then there is a natural isomorphism of vector bundles on R 
compatible with the exact sequence (I2.20p . which identifies 



Quw — Qu 



) Qvw © under the splitting 



~»2 / '* / AT* 



2 / ■* / 7\r* 



S'{^*iK„,))^S^i^*iK,))®S^iriK„))\R®^*iN*,)^fiK„)\ 



(2.21) 



(2.22) 
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Using NuvjQuv we define an isomorphism of line bundles J$ on i?™'^: 

Definition 2.19. Let $ : {R,U,f,i) 'H- {S,V,g,j) be an embedding of critical 
charts on a d-critical locus {X,s). Define Nuv,quv as in Proposition l2.18[ and 
set n — dimV^ — dimC/. Write W"^ for the reduced complex analytic subspace 
or reduced K-subscheme of R. Taking top exterior powers in the dual of (|2.12p 
and pulling back to i?''"'^ using i* gives an isomorphism of line bundles 

p„, : (^(ifc;) ® i*(A"7V;,,))U.- ^f{Kv)\R.... (2.23) 

As quv is a nondegenerate quadratic form on i*{Nijv), its determinant det(gi7v) 
is a nonvanishing section of z* (A"iV*^,)® . Define an isomorphism of line bundles 
Jq, : i*(K§ )|_R"d -> j*{K^ )|_R"d on i?™'^ by the commutative diagram 






R" 




(2.24) 



Here are some useful properties of the J$ . The proof that J$ is independent 
of $ needs R'^°'^ reduced, which is why we restricted to i?''°'^ in Definition 12.191 

Proposition 2.20. In Definition 12.191 the isomorphism J$ is independent of 
the choice of $. That is, if $,$ : {R,U,f,i) ^-)- {S,V,g,j) are embeddings of 
critical charts then J$ = J$. 

// ^ : {S,V,g,j) ^-> {T,W,h,k) is another embedding of critical charts then 

</>]>|^rod o Ji^ ^ </\I/o<I>. (2.25) 

We can now define the canonical bundle of a d-critical locus. 

Theorem 2.21. Let {X,s) be a d-critical locus (either complex analytic or 
algebraic), and X C X the associated reduced complex analytic space or 
reduced 'K-scheme. Then there exists a (holomorphic or algebraic) line bundle 
Kx,s on X^°'^ which we call the canonical bundle of {X,s), which is natural 
up to canonical isomorphism, and is characterized by the following properties: 

(i) // {R,U,f,i) is a critical chart on {X,s), there is a natural isomorphism 

i-R,u.f,^ ■■ ifx.lff-cd —> z*(K®')|«,cd, (2.26) 

where Kjj = \'^^™Urp*jj ^^ ^^^ canonical bundle of U in the usual sense. 

(ii) Let $ : {R,U, f,i) '-^ {S,V,g,i) be an embedding of critical charts on 
{X,s), and let J$ be as in (J2.24I) . Then 

'-S,V,gj|ii','<--d = J$ o iR^u,f,i '■ -ft'x^slfl.rod — > j*{Ky ) I J. (2.27) 
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Remark 2.22. As in Theorem 11.11 proved in [J], if (X, s) is the truncation of a 
— 1-shifted symplectic derived scheme {X,uj) in the sense of Pantev et al. [17], 
then Kx,s — det(Lx)|x'^<=<i. So Kx,s is isomorphic to the canonical bundle of 
the derived scheme X in this case, which is why we caU it a canonical bundle. 

2.5 Orientations on d-critical loci 

The next two definitions will be important in the sequels [5H5]|T^ . For examples 
of results on oriented d-critical loci, see Theorems 11.31 and 11.41 above. 

Definition 2.23. Let {X, s) be a d-critical locus (either complex analytic or 
algebraic), and Kx,s its canonical bundle from Theorem l2.21l An orientation on 
{X, s) is a choice of square root line bundle kJ^ for Kx,s on X'''^'^. That is, an 
orientation is a (holomorphic or algebraic) line bundle L on X'''^'^, together with 
an isomorphism L® = L ® L = Kx,s- A d-critical locus with an orientation 
will be called an oriented d-critical locus. 

We can express orientations in terms oi principal Z2-bundles. 

Definition 2.24. Let {X, s) be a d-critical locus. For each embedding of critical 
charts $ : {R,U,f,i) ^^ {S,V,g,j) on {X,s), define a principal Z2-bundle 7r$ : 
P$ — ?> R over R to be the bundle of square roots of the isomorphism J$ in 
(|2.24p . That is, local sections Sa ■ R ^ P<s> correspond to local isomorphisms 
a : i*{Ku)\B"='^ "> J*iKv)\R'<=<i with a (^ a — J$. Note that Proposition 12.201 
implies that P$ is independent of the choice of $, that is, if $, $ : {R, U, /, i) ^->- 
{S, V,g,j) are embeddings then P$ = P|,. 

If ^ : {S, V,g,j) ^^ (T, W, h, k) is another embedding of critical charts then 
(|2.25p implies that there is a canonical isomorphism 



■^i'.* 



P*o*^>P*U®z. P*, (2.28) 



such that if local isomorphisms a : i*{Ku)\jircd -^ j*{Kv)\Rr<=d, /3 : j*(iiry)|^rcd 
H- k*{Kw)\R"='i, 7 : i*{Ku)\jir^d -^ k*{Kw)\Rr<=d with a(8)a = J$, ,3(8)/3 = 
J^lflrod, 7(8)7 = Jifo* correspond to local sections Sa '■ R ^ Pis>, sp : i? — > P*|fl, 
s^ : P — ?> P$o$, then S>p,$(s-y) = S/3®z2Sa if and only if 7 = /3oa, where 7 = /3oa 
is possible by (|2.25p . 

Now let K-^ ^ be a choice of orientation on (AT, s), as in Definition 12.231 For 
each critical chart {R,U,f,i) on (AT, s), define a principal Z2-bundle ttr^uja '■ 
Qr.uj,! -^ R to he the bundle of square roots of the isomorphism iR.u.f,i in 
(|2.26p . That is, local sections s^ : P — )■ Qr^uja correspond to local isomor- 

phisms 13 : K^J\ji..d -^ i*{Ku)\Rr^d with 15 ® (5 = lr,uj,i- 

1/2 
Given an orientation K^l ^ and an embedding $ : {R,U,f,i) ^^ {S,V,g,j), 

we have principal Z2-bundles 7r$ : P$ — >■ P, ttr^uja ■ Qr.uja -^ P and 'iTs,v,g,j '■ 
Qs,v,g,j ~^ S. Then there is a natural isomorphism of principal Z2-bundles 

A$ : Qsy,g,j\R ^ -P* ®^2 Qr,uja (2.29) 
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on R, defined as follows: local isomorphisms 

a : i*{Ku)\Rr.a — > j*{Kv)\R,oi, /3 : KJ/^J^rod — > i*{Ku)\R,.d, 
and 7 : k]/^^ \ ^rcd — > j* {Ky ) \ ^cd 

with a® a = i|^„d(^*), (3 (E) (3 = lr^uja and 7 ig) 7 = ts,y,gj|flrcd correspond 
to local sections Sa '■ R ^^ i*{P^), sp : R ^ QR,u,f,i and s~^ : R ^- Qs.v.qjIr- 
Equation (|2.27p shows that 7 = a o /3 is a possible solution for 7, and we define 
A$ in (|2.29p such that A$(s^) — Sa ®Z2 S/3 if and only if 7 = a o /3. Note that 
A<i> is independent of the choice of $, as Jis,,P<s, are. 

If ^ : {S, V,g,j) ^-i> (T, W, h, k) is another embedding of critical charts then 
it is easy to check that the following diagram commutes: 

QT,W,h,k\R 1 *- -P*o$ (8>Z2 QR,UJ,i 

1a*Ir =*.*®idQ^.c/,/,.l (2.30) 

{P-i> (8)Z2 Qsy,g,j) \j^ '■ ^ P^R ®Z2 P<i> ®^2 Qr,uj,i- 



Proposition 2.25. Let (AT, s) he a d-critical locus. Then Definition 12.241 in- 
duces an isomorphism between isomorphism classes of orientations K -^ ^ on 
{X, s), and isomorphism classes of the following collections of data: 

(a) For each critical chart {R,U, f,i) on (X, s), a choice of principal Z2- 
bundle TTR^u,f,i '■ QR,u,f,i -^ R on R, and 

(b) For each embedding of critical charts $ : (R, U, f, i) ^^ (S, V, g, j), a choice 
of isomorphism A$ : Qs.v.qjIr -^ P-Si ®Z2 QR,u,f,i os in (|2.29p . 

such that (J2.30I) commutes for all embeddings $ : {R,U,f,i) ^^ {S,V, g, j), 
\[' : {S, V, g, j) M> (T, W, h, k), where Pq,, Pqi^P-q/oq,, S^^$ are as in the first part 
of Definition 12.241 

The proof of Proposition [2]25] is straightforward. Definition 12.241 shows how 

1/2 
to go from an orientation K^^ ^ to a collection of data Qr^uja^^'I)- For the 

converse, given a collection of data Qr^ujat ^<i>^ note that each QR^uj,i deter- 
mines a square root Lr^jjjj for iirx,s|_Rrcd uniquely up to isomorphism for each 
critical chart {R, [/, /, i), and for an embedding $ : (i?, U, /, i) ^^ {S, V, g, j) the 
isomorphism A$ determines an isomorphism i$ : Lru fi -^ Ls v g jIr^'^'^, and 
for $ : {R,UJ,i) ^ {S,V,gJ), * : {S,V,g,j) ^ {T,W,h,k), equation ^^ 
commuting implies that Jipo* = i*|^rcd o i^. By the sheaf property of line bun- 
dles, we can then show there exists K-^ ^ unique up to canonical isomorphism, 
with isomorphisms K-^ jRi^d = Lr^uj^i for all (i?, [/, /, i), which are compatible 
with i$ for all $. We leave the details to the reader. 

Remark 2.26. Let $ : {R,U,f,i) ^-^ {S,V,g,j) be an embedding of critical 
charts on a d-critical locus {X,s). Define N^v^quv as in Proposition 12. 18[ and 
7r$ : P$ — > i? as in Definition 12.241 Then an alternative interpretation of P,^ is 



19 



as the principal Z2-bundle of orientations of the nondegenerate quadratic form 
Quv on the vector bundle i*{Nuv) over R. 

Thus, ProDOsition l2.25l shows that an orientation K-^ ^ on (X, s) is equivalent 
to giving principal Z2-bundles QB.,u,f,i -^ R for each chart (i?, U, f, i) on (X, s), 
such that QR,u,f,i and Qsy^gjln differ by the principal Z2-bundle of orientations 
of Quv for each embedding $ : (R, U, f, i) ^t- (5', V,g,j). This is why we chose 

1 /2 

the term orientation for K-^ ^ . It is closely relation to the notion of orientation 
data in Kontsevich and Soibelman [141 §5]. 

Here are some examples of canonical bundles and orientations: 

Example 2.27. Let C/ be a complex manifold, / : C/ — J> C be holomorphic, 
and {X, s) be the complex analytic d-critical locus from Example 12. 21 with X = 
Crit(/). Then Theorem H^i) with {R,UJ,i) = {X,U,f,mc) implies that 
Kx,s — K® |x«=<i. Hence Kx,s has a natural square root kJ-^ = Ki]\x'od, and 
(X, s) a natural orientation. The analogue holds for algebraic critical loci. 

Example 2.28. Let X be a complex manifold, so that (X, 0) is a d-critical 
locus as in Example[Ml Then TheoremH^i) with (i?, U, /, i) = (X, X, 0, idx) 
shows that Kx,o — K^ , where Kx is the usual canonical bundle of X. Again, 

1 /2 

(X, 0) has a natural orientation K^l ^ = Kx- 

As we call Kx,o the canonical bundle of (X, 0), one might have expected 
Kx,Q = Kx- The explanation is that as a derived scheme, Crit(0 : X ^ C) is 
not X, but the shifted cotangent bundle T*X[1], and the degree —1 fibres of 
the projection T*X[1] -^ X include an extra factor of Kx in Kx.o- 

Example 2.29. Let X be the non-reduced projective C-scheme 
{[x,y,z] e CP^ : z^ = 2yz = O}. 

The reduced C-subscheme X'^'''^ C X C CP^ is the CP^ defined by z = 0, and 
X has only one non- reduced point [1, 0, 0], with X\{[1,0,0]} = C smooth. The 
open neighbourhood X \ {[0, 1,0]} of [1,0,0] in X is isomorphic as a classical 
C-scheme to Crit(yz^ : C^ -^ C), where (y, z) are the coordinates on C^. 

Extend X to an algebraic d-critical locus as follows: on X\ {[0, 1, 0]}, define 
s as in Example O using X \ {[0, 1, 0]} '^ Ciit(yz'^ : C^ -^ C). But 5^ = on 
X\{[1,0, 0]} by Example l2.8l as X\{[1,0,0]} is smooth, so s extends uniquely by 
zero to aU of X. Since (X, s) is modelled on Cnt{yz'^ : C^ -^ C) on X\{[0, 1, 0]} 
and on Crit(0 : C ^ C) on X \ {[1, 0, 0]}, it is an algebraic d-critical locus. 

Theorem 12 . 2 1 1 defines a line bundle Kx,s on X"^""^ = CP^. Calculation shows 
that Kx^s — C'cpi(^5). For the smooth algebraic d-critical locus (CP^,0) we 
have Kcpi = K^^i = Ocpi(— 4) as in Example 12. 28[ so the effect of the nonre- 
duced point [1,0,0] in X is to modify Kx,s from C'cpi(— 4) to C'cpi(— 5). Since 
—5 is odd, Kx.s admits no square root. Thus, (X, s) is an example of a non- 
orientahle algebraic d-critical locus- We can also consider (X, s) as a complex 
analytic d-critical locus, where again it is not orientable. 
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3 Proof of Theorem [23] 

We now prove Theorem 12.11 from i )2.1l 



3.1 Construction of the sheaf Sx 

Let X be a fixed complex analytic space. In this section we construct the sheaf 
Sx in Theorem 12. 1[ satisfying Theorem I2.ir i').fii'). We will use the following 
notation. Define a triple {R,U,i) to be an open subset R C X, a. complex 
manifold U, and an embedding i : R ^^ U oi R as a. closed complex analytic 
subspace of U, as in Theorem l2.1f iV For such a triple {R, U, i), define the sheaf 
of ideals Ir^jj C i^^{Ou) as in (j2.ip . We will also write I'^m '^ Oij for the sheaf 
of ideals vanishing on the closed complex analytic subspace i{R) C U . 

If {R,U,i) is a triple and [/' C [/ is open, set R' := i^^{U') C R and 
i' := i\fj/ : R' ^-> U' . Then {R' , U', i') is another triple, which we call a subtriple 
of (i?, U, i), and write as (i?', U', i') C (R, U, i). 

For each triple {R, U, i), as in (|2.2I) define ICn^u,i, i^R,u by the exact sequence 
of sheaves of C- vector spaces on R: 



■/C 



R,U,i 



^R,U 



-^{T*U) 



Irm-i-^{T*U) 



(3.1) 



\Ou)lll,u is the kernel of d : i-^Ou)/I%,u 



That is, kr^u ■ ICr^ua -^ ' 
i'^{T*U)/lR^u ■i~'^{T*U). The difference between dOl) and 1^^ is that ([^ 
includes an isomorphism iSx|_r — ICR^u,i, but we have not yet defined Sx- If 
{R',U',i') C {R,U,i) then K.R',u',i' = K.R,u,i\R' and K^'^fy' = k^r,;/!/?/. 

Call $ : {R,U,i) -^ {S,V,j) a morphism of triples ii R C S C X, and 
4> : C/ -> F is holomorphic with ^ o i — j\r : R ^^ V. As for (|2.3p . form the 
commutative diagram of sheaves of C- vector spaces on R: 



o^lCs^ 


^j\r- 
** 


■ >■ 


i 


-\Ov) 


O^ICr 


/ 


kr,u 




i-HOu) 


,U,i 






^R,U 



rHT*v) 



Is.vj-'{T*V) 

i'^{T*U) 

Ir,u-i-HT*U) 



(3.2) 



Since the right hand square of p.2p commutes as in (|2.3p , exactness of the rows 
implies there is a unique $* : ICs,v.j\r -^ ICR.u,i making (13.21) commute. 

If {R',U',i') C {R,U,i) and'(S",F',/) c'(5,F,j) with $(C/') C V' C V 
then setting $' := $|c// : U' -> V, we have $'* = $*|fl'. 

If * : (5, F, j) ^^ (T, W^, fc) is another morphism then so is * o $ : (_R, [/, i) — > 
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(T, W, k), and by considering the diagram 



ICT,W,k\B. ■ 



**!« 




S,Vj\R ■ 



R,U,t 



/2 



]-\'^*)\r 



r\Ov) 






k-^{T*W) 



lT,wk-^{T*W) 

i"'(d*)|H 

\r\T*v) 



i-i((*o$)«) 



R Is\vr^{T*V) 

i"i(d(*o*)) 



^R,U 



ri(r*c/) 



we see that (vp o $)* = $* o ^*|;j, that is, the morphisms $* in p. 21) are 
contravariantly functoriaL If {R, U,i) — {S, V,j) and $ = idj/ then <&* = id. 
We begin with three lemmas. The first is the main point of the proof; 



Lemma 3.1. The morphism $* in (j3.2p is independent of the choice of $. 
That is, if $,$ : {R,U,i) -^ {S,V,j) are morphisms of triples then 



$*=$*: /C 



S,V,j\R 



K 



R,U,i- 



(3.3) 



Proof. HxgRCSCX and a is a local section of ICs,v.j\r defined near 
X in R, then a = f + {I's v)"^ ^'^^ f ^ local section of Oy defined near j{x) 
in V such that d/ is a section of Igy ■ T*V C T*V near j{x) in V. Then 
$*(a) = / o $ + (/^j j;)2 and $*(a) = / o $ + (rj^jj)^ near a; in i?. 

Choose holomorphic coordinates (zi,...,z„) on V near j(a;) = $(«(x)) = 
^{i{x)). Then by a holomorphic version of Taylor's Theorem we have 



/ o $ - / o $ = ELl (^ o $) . (z, o $ - z, o $) 

+ Ea,&=l ^afc (Za O ^ - ^a O $) (zfe O $ - Zf, O $) 



(3.4) 



near j(2^)i fo^' some holomorphic Aqj, : y — ;► C defined near j{x). 

Since $ o i = $ o z and /^ ^ is the ideal in Ojj vanishing on i{R) near i{x), 
we see that z^ o $ — z^ o $ g /^ ^^ on [/ near i(x) for each a = 1, . . . ,n. Also 



■g^ £ I'g Y near ^(2:) by choice of a, /, and 5 i— )■ 5 o $ maps /^ y ~^ ^'ru i^^ar 
j(x), i(a;) as $ o i = j|;j, so gj- o ^ e I'j^ ^ near z(x). Thus each factor (• • • ) on 
the right hand side of (\3A\i lies in I'j^jj near i{x), so /o$ — /o<i) e {Ir,u)^ n^ar 
i(a;). Therefore 



$*(a) = / o $ + (4^)2 = / o $ + (4^)2 = <|*(a) 
near a; in i? for any local section a of /Cs,y,j|ii',, which proves p.3p . 



D 
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Lemma 3.2. Let {R,U,i),{S,V,j) be triples. Then for each x E Rf) S C X, 
there exists a subtriple (R',U',i') C {R,U,i) with x E R' E_ R C\ S and a 
morphism $ : (i?',t/',i') ^ {S,V,j). 

Proof. Choose holomorphic coordinates (zi, . . . , z„) on an open neighbourhood 
V oi j{x) in V, so that (zi, . . . , z„) : V" -> C" is a biholomorphism with an open 
set W C C". Let U' be an open neighbourhood of i{x) in U smah enough that 
R' := «-!([/') C Rnj-^iV) C RDS C X. Then Za o Jl^, for a = l,...,n 
are morphisms R' -^ C. Since i{R') is a closed complex analytic subspace of 
U' isomorphic to R' , and any holomorphic function on i{R') extends locally to 
U' near i{x), by making i?', U' smaller we can suppose there exist holomorphic 
fa-U' ^<C with fa o i\ii, = ZaO j\r, for a = 1, . . . , 71. 

Making R',U' smaller again, we can suppose that (/i,...,/„) : U' -^ C" 
maps into V Q C"'. Then there is a unique holomorphic map ^ : U' ^ V C V 
with Zq o $ = /„ for a = 1, . . . , n. Hence Zq o cf) o ij^/ ^ fa o ij^/ = Za o jj^/ 
for a = 1, . . . , n, which implies that ^ o i\fi, = j|^/ as (zi, . . . , z„) : V^ — s> C" is 
injective. Thus 4> : (i?', U\ i') -^ (5, F, j) is a morphism of triples. D 

Lemma 3.3. Let {R,U,i),{S,V,j) be triples. Then there exists a unique iso- 
morphism of sheaves on Rn S : 

^s'v'j ■ ^s,Vjlflns — > K^R,Ua\Rns (3-5) 

such that if {R' ,U' ,i'),^ are as in Lemma 13.21 then Isv'jIr' ^ ^* ■ Also 

i^Z = ^^n.u^.^ in:Z-iis:":;y\ (3.6) 

and if (T, W, k) is another triple then 



TR.U,i\ TS.VJ _ TR.U.i 

l'^T,w,k\RnsnT — > K.R^u,i\RnsrtT- 



(3.7) 



Proof. Suppose x, [R' , U', i'), $ and x, {R' , U', i'), $ are two possible choices in 
Lemma [3.21 Then ^ : U' ^ V , ^ : U' -^ V induce morphisms 

^* ■ f^S,V,j\R' > ^R,U,i\R' ^1^*^ ^* ■ f^s,v,j\ji> — > I^r^uAr'- 

The restrictions ^\u'nu' and ^\u'nu' thus induce morphisms 

**lfl'nfl"**l_R'nfl,' -^syjlR-nR' — > )<^RMAR'nR'- 
Lemma [3?T] now shows that ^*\ji,f^R, = ^*\R'nR'- 



Thus, Lemma 13^ shows that for each x G RnS we can choose an open neigh- 
bourhood R' oi X in RnS, and a morphism $* : ICsyj\R' — > ^R,u,i\R'- These 
open neighbourhoods R' form an open cover of X, and on overlaps R' fl R' the 
corresponding morphisms $*, $* agree. Therefore by properties of sheaves there 
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is a unique morphism Is'"-- in p.5l) such that /^ ■^;' \r' = $* for all (R' , U', i'), <J> 
as in Lemma \3l2\ 

To see that /^;^;; = id^;^ .„,, as in dSU, take (i?', [/', i') = (i?, [/, i) = (5, F, j) 
and $ = idu, so that $* = id. 

To prove (031), let (i?, [/, i), (5, F, j), (T, VK, fc) be triples andx £ RnSnT. 
Apply Lemma [3?^ twice to get open i[x) £ U' Q U and j{x) e F' C F and 
morphisms $ : {R',U',i') -^ (S.VJ) and * : (5',F',/) -^ (T,VF,fc). Making 
U',R' smaller we can suppose that j{x) S <i>(f/') ^ V C V, so that $ is 
also a morphism {R',U',i') —^ {S',V' ,j'). Functoriality of the $* now gives 
$* o **];;., = (vl/ o $)*. So the defining property of the I^-^-j gives 

TR.U,i\ _ rS.V.j I _ TR.U.i I 

As we can cover RD S DT hy such open i?', equation (13. 7p follows. 

Finally, applying (|3.7I) with (T, VF, fc) = {R,U,i) and using the first equation 
of dHU) yields 



jH.!7,i jS.V.j ^ rR.U,^\ ^ • i 

-'S.V.j ^R.U.i ^R,U,i\lir]S ^'^R.u.ilRnS' 

Exchanging (i?, U, i), {S, V,j) proves the second equation of (|3.6p . and also shows 
that Is'v'^ is 9-^ isomorphism. The lemma is complete. D 



We can now construct the sheaf Sx in Theorem 12.11 Since X is locally of 
finite type by our convention in Sjl] near each a; G X it admits a local embedding 
i : X ^^ U into a complex manifold U. Therefore we can choose a family 
{{Ra, Ua, ia) '■ a £ A] of triples such that {Ra : a <E A} is an open cover of X. 
For each a e A we have a sheaf of C- vector spaces K.B.a,Ua,ia o^^ ^a from (|3.ip . 
and for all a, & G A we have an isomorphism 

on Ra ni?f, by p.5p . which satisfy the usual conditions (|3.6p - (l3.7p on identities, 
symmetry, and triple overlaps. 

Hence by properties of sheaves there exists a sheaf iS^ on X, unique up 
to canonical isomorphism, with isomorphisms lr^.u^ • Sx\Ra ~^ I^Ra-Ua.ia for 
each a G A, such that Iai;S;^:-^ ° ifl^.c/Jflanflt = '-fla,c/„|fl„nflb for all a, 6 e A. 
One way to do this is to define an explicit presheaf VSx on X using the data 
Ra,fCR u i yl^"',^"''", and take Sx to be the sheafification of VSx- 

Now suppose {R,U,i) is any triple, as in Theorem I2.1f i). We can con- 
struct Sx using the family {{Ra,Ua,ia) : a G A} U {{R,U,i)} instead of 
{{RajUajia) ■ CL G A}, and get the same (not just isomorphic) sheaf iSx and 
the same isomorphisms iR^^Ua ■ ^xIr^ ~^ I^Ra.Ua,iaJ b^t rio'^ ^^ also have an 
isomorphism lr^jj : Sx\r. -^ I^R,u.i- Combining this with p.ip gives the exact 
sequence (|2.2I) . proving Theorem 12. If i). 

Suppose $ : {R, C/, i) — >■ {S, V,j) is any morphism of triples, as in Theorem 
I2.1f ii). so that R C S. We can construct Sx using the family {{Ra,Ua,ia) '■ 
a e A} LI {{R,U,i),{S,V,j)} instead of {{Ra,Ua,ia) ■ a e A}, and get the 
same sheaf Sx and isomorphisms iR^,UaJ but now we also have isomorphisms 
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i'R,u ■Sx\r-^ ^R,u,i and ls,v ■ Sx\s -> ^s.Vj satisfying Is:"joLs.y\R = iR^u- 
Consider the diagram: 






id 



5x1 



S.V.j 



'=** 



■ /Ci?,. 



U,i 






R 



|j-i(*«) 



Is,v ■ .rKT*V) 



(3.8) 



fcfl.c/ ri(o,7) d ri(r*[/) 



^RM 



Ir,u ■ i-^{T*U) 



Here /f^.' 



$* by Lemma 13.31 The left hand square of p.Sp commutes 
as /J''^"' o t5_y|fl = lr.u, and the right hand two squares commute by p.2p . 
Composing the first two horizontal morphisms in the rows of (|3.8|) gives p.3p . 
This proves Theorem I2.1f ii). 



3.2 Parts (a)— (c): properties oi Sx 

Next we prove that the sheaf Sx constructed in §3.11 satisfies Theorem 12. ir a)- 
(c). We continue to use the notation of ij3.1l For part (a), define Sx C Sx to 



O 



X" 



23]), where Px : Sx ^ Ox is 



be the kernel of the morphism Sx 

defined using (I3l])-(l33) and Ox\r = i'^iOu)/ Ir,u- 

There is also a natural inclusion Cx ^-> ^x , where Cx is the sheaf of locally 
constant functions X — > C: for any triple {R,U,i), the sheaf Cjj of locally 
constant functions on [/ is a subsheaf of Ou, so (i^^(C[/) + lj{u)/ljiu is a 
subsheaf of i~^ {Ojj) / iji u which lies in the kernel of d in ()2.2p . and so lifts to 
a subsheaf of Sx\r, which is isomorphic to Cx|_r, as locally constant functions 
on X lift locally uniquely to locally constant functions on U near i{X). 

It remains to show that Sx = Sx © Cx. To see this, suppose (i?, U, i) is a 
triple and s is a local section of iSx near x £ i?, so that lr^u{s\r) = f+i^R uY for 
/ a local section of Oy defined near i{x) in [/ withd/ a local section of /^ jj-T*U. 
Then /|i(X"d) is locally constant on i{X'"^'^) near i{x), so f\i(^x''='^) extends locally 
uniquely to a locally constant function c : C/ — J> C defined near i{x). Writing 
/o = / — c, we have /olirx"^) = near i{x). The local section s now splits 
uniquely as s = so + 1 with lr^u{so) = /o + {I'r^u)^ and tfl„c/(i) = c + (/^^[/)^. 
But So is a local section of Sx as /o|i(X'<=d) = 0, and t a local section of Cx as 
c is locally constant. Hence Sx = Sx ® Cx, proving (a). 

Part (b) involves the cotangent complex Lx £ D{qcoh.{X)). For background 
on cotangent complexes, see lUusie [10], [HI §1]. We need only two facts: that 
/i°(Lx) = T*X, and if i? C X is open and i : R ^^ U is a. closed embedding of 
R into a complex manifold U, then the truncation t^_i(Lx) satisfies 



r^_i(Lx)|i?= [/fl,t///i,, 



'{T*U)] 



(3.9) 



in I?(qcoh(i?)), where Ir.u/Ir u is in degree —1 and i*[T*U) in degree 0, and 
the morphism 7 maps J ■ f + Irjj ^^ **(d/). 
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Consider the diagram of sheaves on R: 







QxIh 



■SxIb. 



Ox\r 

d 



T*X 



R 







Q^h-\l.x)\R >-Ir,u/IIi 



\ 



^R.,U 



0x\r Itt 



Ir.u 

\ 





I = J- X\r 



r\Ou) d i~\T*u) 



Ir,u-i-\T*U) 



(3.10) 



-^0 



0. 



Here the first row is exact by (I3.9p . the second row by (|2.2p . and the third 
row and second and third columns are obviously exact. Also the middle two 
squares commute by definition of 7 in (j3.9p . Properties of exact sequences 
now imply there are unique morphisms ax\R, /3x\r as shown making (|3.10p 
commute. Using functoriality of the isomorphism (J3.9I) . one can show that these 
o^xIr, I3x\r are independent of R,U,i locally, and so glue on an open cover to 
give unique global morphisms ax , Px in (|2.6p , noting that the first column of 
([SIQ]) is the restriction of (|2?6l) to R. 

Since taking kernels of morphisms of sheaves of C-vector spaces is a left 
exact functor from the category of morphisms of such sheaves to the category 
of such sheaves, equation (|3.10p also implies that the first column of (|3.10p is 
exact at h~^{hx)\R and Sx\r- To prove it is exact at Ox\r, we work at the 
level of stalks. Let a; G i? C X, and write Sx,xi Ox,x,T*Xx, ... for the stalks of 
Sx, Ox,T*X, ... at X S X, so that Sx,x, ■ ■ ■ are C-vector spaces whose elements 
are germs at x of sections of Sx , ■ ■ ■ ■ A sequence of sheaves of C-vector spaces 
on R is exact if and only if it is exact on stalks at every x d R. 

Let 77 e Ox,x with d?? = e T*A:^. Then (5^(r/) e r^{Ou)x/lR,u,x, so we 
may write 6x{r]) = C + Ir.u.x for some C ^ * 
p.lOp induce an isomorphism 



-\o, 



U)x- 



The exact sequences in 



T*X., = i-\T*U)x/{lR.,u.x ■ rHT*U)x + d{lR.u.x)), 



which identifies dry G T*Xx with d^ -I- {Ir^u,x • * 



-\T*U), 



^R,U,x • I 



-i(T*C/), +d(Jfl,[;^,) C z-i(T*f/), as d77 = 0. 



: + d(/fi,;7,a;)), so dC e 
As C is unique up to 



addition of an element of Ir^u,x, by changing our choice of ^ we can eliminate 
the d{lR^u,x) component in dC, so that d^ S Ir,u,x •i~^{T*U)x- Then C + Irux 
lies in i-\Ou)x/ll^u,x with d(C + /|y,J = ■ix^i-\T*U)x/lR^u^x-i'\T*U),. 
Hence by the exactness of the middle row of (|3.10p in stalks at x, there exists a 
unique 9 S Sx,x with iR,u.x{0) = C + 1% rr ^- Therefore 



C + Ir.u.x- 

Sx O Px.x{6) =TTx° I^R,U,x{d) = -KxiC + Ir^U,x) = C + Ir,U,x = Sxiv), 
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as the bottom left square in (I3.10p commutes. 

Since S is an isomorphism, this forces Px,x{0) = V- Similarly, if G Sx,x 
then d o (ix,x{d) — 0. Thus the first column of (I3.10p is exact on stalks at 
Ox\r, so it is exact. As such open R <Z X cover X, we see that (|2.6p is exact. 
Exactness of dSH]) follows from (g^-dlSl). This proves Theorem [^H b). 

For part (c) , consider the morphism of sheaves on R 

d : i'\Ou)/llu ^ i-\T*U)IA{ll^u). 

Composing this with lb.,u maps Sx\r -> i~^{T*U)/d{l'j^^). From (12.21) . the 
image of d o lj^^^u lies in {Ir^u ■ i-\T*U) / A{l\jj)) C i-\T*U)IA{I%jj). Also, 
as d'^ — 0, the image lies in Kerd + d(/^ jj). This defines a morphism 

Im(d : If^jj — > Ir,u ■ « ^{T*U)) 



where the right hand side is the cohomology of i 

In the splitting Sx\r = Sx\r ® Cx|_r, clearly Cx\r lies in the kernel of 
d o lr^jj in p. lip , since d of a locally constant function is zero. We claim that 
the restriction of p.lip to Sx\r C Sr is an isomorphism. As for part (b), it is 
enough to prove this on the stalks at each x E R. By the Poincare Lemma on the 
complex manifold U, written using morphisms d : A^T*Ui[x) — ^ A^'^'^T*Ui(^x) of 
stalks at i{x), and pulled back to X using z, we have an exact sequence 

^ C ^ i-\Ox)x ^^ i-\T*U).:, ^U^ i-\K^T*U)^. (3.12) 



Let lie in the stalk at x of the r.h.s. of p. 111) . Then cj) = ip + d(/^ u x)' 
where V € Ir^u,x ■ i~\T*U)^ C i-^T*U)^ with d?/. = in i-^{A^T*U)^. By 
exactness of p. 121) . we may write -0 = dC for C G i~^{Ou)x, where C is unique 
up to addition of a constant 1(c) for c £ C We fix ^ uniquely by requiring that 
C(*(x)) = 0. Then C + I^.x Hes in i-\Ou)x/ ll,u,x with d(C + 4,^/,.) = 
in i-\T*U)J(lR^u,x ■ i-\T*U),), since dC = ^ £ Ir,u,x ■ i-\T*U),. Hence 
C + ^Icfx ~ ''R,u,x{9) for unique 9 G Sx,x as p. 21) is exact, and Ciii^)) = 
implies that 9 e Sx^x- Therefore d o i-R,u\sx\n i^ ^^ isomorphism on stalks, and 
so is an isomorphism, proving Theorem 12. If c). 

3.3 Modifications to the proof for the algebraic case 

Finally we explain how to modify ij3.H -i i3.2] to work with K-schemes in algebraic 
geometry, rather than complex analytic spaces and complex manifolds. 

In > j3.1l we replace complex analytic spaces X, R by K-schemes, and complex 
manifolds U by smooth K-schemes, and open subsets R C X, U' C U, etc., are 
taken to be open in the Zariski topology. Then the proofs work in the algebraic 
case without modification, with the exception of Lemma 13. 2[ which is false: 
one can write down examples of K-schemes X with embeddings i : X "-^ U , 
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j : X '^ V into smooth K-schemes U, V, such that for Zariski or etale open 
^ U' C U, there exist no morphisms ^ : U' ^ V with $ o i' = j\jj,. 
Here are two different ways to fix this: 

(A) The analogue of Lemma lX^ is true if we require that the smooth K-scheme 
V is isomorphic to a Zariski open subset of an afHne space A" , as then we 
can take the coordinates (zi, . . . , z„) in the proof of Lemma 13.21 to be the 
embedding F ^-> A" . 

(B) Suppose R,SCX are Zariski open and i : R ^^ U, j : S ^^ V are 
closed embeddings into smooth K-schemes U, V. Write U, V for the formal 
completions of U,V along i{R),j{S), with inclusions i : R ^^ U, j : 
S ^^ V. Then one can prove the following formal analogue of Lemma 
13.21 for each x € RO S C X, there exists a Zariski open U' C U with 
X ^ R' C Rn S, and a morphism of formal K-schemes ^ : U' ^^ V with 
$ o £' = Jl^j.,, where R' = i^^{U') and i' = i\b/. 

Using approach (A) , the whole of t j3.1l works provided we restrict to triples 
{R,U,i) with U isomorphic to a Zariski open in A". In particular, we can 
construct the sheaf Sx using a family {{Ra,Ua,ia) '■ a £ A] with Ua C A"" 
Zariski open. Note that immediately after the proof of Lemma 13. 3[ Zariski 
locally near each x ^ X there exists an embedding i : X ^^ U with U C A". 

The disadvantage of this is that it proves Theorem I2.ir i).fii') only for U, V 
Zariski open in affine spaces A" . To prove them for U, V general smooth K- 
schemes, we have to do some more work. 

To prove the algebraic version of i|3.1l using (B), observe that (|2.2p - (|2.3p 
defining Sx depend only on the formal completion U oi U along i{R), since 

t-\Ou) _ i-HOu) ^ i-\T*U) _ i-^{T*U) 
and 



Thus we may replace U, V hy tj ,V throughout the proof. For triples (i?, U, i), 
{S, V, j) with U, V smooth K-schemes and R C S, a morphism $ : t/ ^- F with 
$ o z = j\ji induces a morphism ^ : U ^)- V with $ o £ = jj^. However, the 
converse is false: there may be $ : t/ ^> T^ with $ o £ = J|^ which are not 
induced by any ^ : U -^ V Zariski or etale locally on U. Because there are 
more formal morphisms $ than morphisms $, the formal analogue of Lemma 
3.21 holds, which makes the proof work. 

For the extension of i j3.2l to K-schemes, the proofs of Theorem l2.1f a).(b) need 
no modification. But for (c), equation (|3.12l) is not exact at i~^{T*U)x in the 
algebraic case: algebraic closed 1-forms need not be locally exact, in either the 
Zariski or the etale topology. For example, the closed 1-form z~^dz on A^ \ {0} 
is not algebraically locally exact, since logz is not an algebraic function. 

Because of this, in the algebraic case the morphism from Sx to the coho- 
mology of (|2.8p constructed in H3.2I is injective, but generally not surjective. 
The solution is to modify (j2.8p . replacing U by the formal completion U oi U 
along i{R), as in (|2.9|) . In fact the Poincare Lemma may not hold on U either 
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(consider the case X = U = U and i = idx), but what matters is that one can 
show that if a e H^{Ir,u ■ T*U) C H°{T*U) with dd = then a = df for a 
unique / € H^{Oij) with / o i\xt<=A — 0, that is, the particular class of formal 
closed 1-forms we are interested in can be integrated to formal functions. 

4 Comparing critical charts (i?, t/, /, i) 

Next we prove Theorem 12.131 and Propositions 12.121 and I2.15H2.17I from 



4.1 Proof of Proposition 12.121 

Let (i?, t/, /, i) be a critical chart on an algebraic d-critical locus {X, s) over 
K, and x € R. Then [/ is a smooth K-scheme, so there exist an affine open 
neighbourhood U oii{x) in U and a closed embedding of IK-schemes <b : U ^^ A" 
for some n > 0. Choose a Zariski open neighbourhood V of $(i(a;)) in A" and 
etale coordinates (zi,...,z„) on V such that $(t/) n V^ is the K-subscheme 
defined by z^+i ^ ■ ■ ■ = Zn = in V , where m = dimU. Set U' = ^^^{V), 
R' = S = i-\U'), i' - i\k ■ R! ^ U', f = f\u' : C/' ^ A\ $ = ^\u' : U' ^ 
V, and j = ^oi' : S = R' '-^V. 

Now $([/') is a closed K-subscheme of V, and /' o $-i : $([/') ^ A^ a 
regular function. Zariski locally on V, we may extend /' o $~i from $([/') to 
y. Thus, making V, U' , R' , S smaller, there exists a regular h : V ^ h} with 
/i o $ = /':[/' —s> A^. Then we may form the partial derivatives ^, q^'q^ for 
a,b ~ 1, . . . ,n. Define g : V ^ A^ hy 

Here we use charK ^ 2 from [JTJ Since Za|$([/') = for a = m + 1, . . . ,n, we 
have g o ^ — h o ^ — f : U' ^ A^ . Also equation (14.11) implies that 

a^l*((7')=0' a = m+l,...,n, g^J^J ^{U'}='^^ab, a,b = m+1, . . . ,n. (4.2) 

Consider the K-subscheme of V defined by the equations ^j- — for a = 
771 + 1, . . . ,n. The first equation of (14. 2p shows this K-subscheme contains <&([/'), 
and the second that this K-subscheme coincides with $(C/') near ^{U') in F. 
Hence, by making V smaller while keeping U',R',S fixed, we can take this 
K-subscheme to be $([/'). We now claim that 

Crit(.9) = $(Crit(/')) = ^t{R')) = j{S) (4.3) 

as K-subschemes oi V. To see this, note that the equations gj- = for a = 
1, . . . ,m defining CTit{g) divide into ^j- = for a — m + 1, . . . ,n, which define 

the smooth K-subscheme $([/') in V, and -^ = for a = 1, . . . ,to, which 
under ^{U') = U' correspond to d/' = as g o $ = /'. 

As {R',U',f',i') is a critical chart on {X,s) we have iR\u'is\R') = i'^^if') + 
1^1 jji. Applying Theorem 12. iT ii) with {R',U',i) in place of {R,U,i) and using 
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go$ = /', j = $oz' and R' = S shows that ts,y(s|s) = J~^(ff) + -f|,y- Together 
with (I4.3p . this imphes that {S,V,g,j) is a critical chart, and ^ : U' ^^ V an 
embedding with j — ^oi\go^ — f show $ : (i?, [/, /, i) ^-t^ (S*, y, 5, j) is an 
embedding of critical charts. This proves Proposition 12. 121 

4.2 Proof of Theorem I^TT^l 

We begin with the complex analytic case. Let {X, s) be a complex analytic 
d-critical locus, {R, [/, /, i), (5, V, g,j) be critical charts on {X, s), and x e RCi 
S. Then i(R O S) is a locally closed complex analytic subspace of U, and 
j o i~^|i(ijns) ■ *(^ n 5*) — )■ T^ a morphism to a complex manifold V. So we can 
extend j o i~^ locally to a holomorphic map U ^f V . That is, we can choose 
an open neighbourhood U' of i{x) in U with i?' := i^^{U') C RD S, and a 
holomorphic map 6 :[/'—> 1/ such that o i' = j\fi, : _R' — > 1/, for i' := i\fii. 

Theorem 12. If ii) with {R' , U' , i'), Q in place of (i?, C/, i), $ gives a commuta- 
tive diagram (|2.3p . Applying this to s\b/ shows that 

iR',U'{s\R,) = i'-\Q%isy{s\s)\. (4.4) 

Write I'jzj, jj, C Ojj' for the ideal vanishing on i{R') C [/', and /' = /lu'- Then 

^-' [/' + (4',^')'] - *'"'(/') + /^',a' = ^Bf,u'{sW) = z'-i(e«) [.5,y(s|5)] 

= ^'-'m [r\g) + ilv] = ^'-\e') [^'-' o e-\g) + ily] 

= ^-l [Q^{e-\g))] + Il,u' - ^'-' b o © + {I'r',U'?] , (4.5) 

using i'^^(/^, JJ,) — Ir'^u' in the first and seventh steps, i-r\u'{s\r') = «'~^(/') + 
/|,, JJ, in the second, (|4.4I) in the third, ts,v(s|s) = ^"^(5) + ^^1 y iii the fourth, 
Q o i' — j\ji, in the fifth, and j'^^(6')(/s,y) = Ir'.u' in the sixth. 

Equation (|4.5p implies that /' — 5 o 6 G (/^, jj,)^. Therefore, making [/', it!' 
smaller if necessary, we can choose holomorphic functions Va, Sa '■ U' ^- <C for 
a = 1, . . . , n, some n ^ 0, such that ra, Sa G H'^{I'j^, jj,) for a = 1, . . . , n and 

/' = .9 o e + risi + • ■ • + r„s„ : (7' ^ C. (4.6) 

Define W ^ V y. C^", T = 5, fc = j x (0, . . . , 0) : T = 5 -^ F x C^" = W^, 
(S",F',.9',/) = {S,V,g,j), and$: L/'^ VF, * : F'^T^, /i: VF^Cby 

$(m) = (e(w),(ri(u),...,r„(u),si(w),...,s„(w))), *(w) = (w, (0, . . . , 0)), 
and /i(w,(yi,...,y„,zi,...,z„)) =g(w) + j/izi H h y„2;„. (4.7) 

By increasing n and adding extra functions r^, Sa with Sq = 0, we can suppose 
$ is an embedding near i{x) G f/'. So making U',R' smaller we can take 
^ : U' ^-^ W to he a.ii embedding. 

Since {S, V, g, j) is a critical chart, (T, W, h, k) is one too. Also $ : [/' ^-7> VF, 
\E' : y ^^ VF are embeddings, and /' = /i o $, g' == /i o vj/, $ o i' = fcl/j' , vji o / = 
yfcis' follow from (|i:^ - (|iT|) and 6 o i' = Jl^,. Therefore $ : {R',U',f,i') -^ 
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{T,W,h,k), * : {S',V',g',j') ^ {T,W,h,k) are embeddings of critical charts 
with X G R' n S' , proving Theorem 12. 131 in the complex analytic case. 

For the algebraic case, with {X, s) an algebraic d-critical locus over K, and 
{R, U, /, i) , {S, V,g,j) critical charts, we would like to follow the above method, 
but there is a problem with the first step: if V^ is a general smooth K-scheme, 
we may not be able to choose a Zariski open i(x) G C/' C [/ and a morphism 
6 : C/' — >■ y such that Q o i' = j\ji, : R' ^ V . However, this is vahd if V is 
Zariski open in an affine space A™. 

So we modify the method above as follows: first we apply Proposition 12. 121 
proved in g?Tl to get a subchart {S' ,V' ,g' ,j') C {S,V,g,j) with x £ S' and 
an embedding S : {S' ,V' ,g' ,j') ^->- {S,V,g,j) for [S,V,g,j) a critical chart on 
{X, s) with V C A™ Zariski open. Thus we may choose Zariski open i{x) eU' Q 
U and a morphism Q : U' ^ V with Qoi' — j\r' ■ R' -^ W. Then we follow the 
rest of the proof above with {S,V,g,j),A" in place of {S,V,g,j),C^, so that 
W = V xA^", except that we define ^ :V' ^ W hy "^(v) = (S(u), (0, . . . , 0)) . 
We leave the details to the reader. 

4.3 Proof of Proposition 12.151 

Choose holomorphic coordinates (yi, . . . , y„i, ii, . . . , i„) on an open neighbour- 
hood V of j{x) in V, where dimf/ = m and diniT^ = m + n, such that 
j{x) = (0, . . . , 0) and $([/) n ^ is the submanifold zi = ■■■ = Zn = in V. 
Set U — ^^^{V) and Xa = ya°^\ij for a = 1, . . . , m. Then U is an open neigh- 
bourhood of i{x) in [/, and (ii, . . . , Xm) are holomorphic coordinates on U with 
i(x) = (0, ...,0). Write /Ijj = /(ii, . . . , i,„) andg|^ = g(yi, . . . ,2/,„, ii, . . . , i„) 
as functions of these coordinates, so that f = go^ implies that /(yi , . . . , y™) = 
s(yi,---,2/m,0,...,0) for (yi,...,2/m) £ f/. 

Then the ideal /|j u — I{df) is on U the ideal of holomorphic functions in 

{xi, . . . , im) generated by -qJ- for a = 1, . . . , to, and the ideal I's v ~ -^{dg) is on 
V the ideal of holomorphic functions in (yi, . . . , ym, zi, . . . , Zn) generated by g-^ 
for a — 1, . . . , TO, and ^-^ for b — 1, . . . ,n. Since $ maps f/ to ii = • ■ • = i„ = 
and i(i?) to j(i?) C j{S), we have /(d/) = /(dg)lii=-=i„=o, that is, 

(^(2/i,---,ym,0, ...,0) : a = l,...,m, -^(yi, . . . , y^, 0, . . . , 0) : &= 1, . . . , n). 

^^ ^(yi'--->ym'0:--->0) = ^(yi,...,y„), this holds provided each ^(yi, 
. . . , y,„, 0, . . . , 0) lies in (^(yi, . . . , y™, 0, . . . , 0) : a == 1, . . . , m) . Thus, making 
U, V smaller if necessary, we can suppose there exist holomorphic functions 
^abii/i, • ■ • , ilm) on U for a — 1, . . . ,m, b — 1, . . . ,n such that for each b 

^(yi,...,y™,0, ...,0) = jy^^^Aab{yi,---,yni) ■ ^(yi, . . . , y™, 0, . . . , 0). 

Define holomorphic coordinates (yi, . . . , y„i, zi, . . . , z„) on an open neigh- 
bourhood V of j{x) in V^ by ya = ?)„ + X]b=i ^afc(yi, • • • , ilra) Zb and Zb = i^. 
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Here ya,Sb are defined on all of V, but they need only be a coordinate system 
near j{x) in V where zi, . . . , i„ are small, so we shrink T^ to V^ C T/. We also 
write (j — $~-^(V") C U and Xa = ia|j/- Then ija o $|^ — Xa as Zf, o $|^ — 0. 
Making F smaller if necessary we can suppose that if (j/i, . . . , y™, zi, . . . , z„) g F 
then (yi, . . . , i/m) G f7, using the coordinates (ii, . . . , i™) on JJ . 

Write g\y — g{yi, . . . , ijm, -Si, ■ • ■ , Zn) using these coordinates. Then 

■§§;{yi,---,ym,0,...,0) 

= E:=ii:(2/i,---,y™,o,...,o).|| + ELi£(2)i,---:y™,o,...,o)-§| 
= Er=ilf:(2/i'---'y™'0) • (-^Qfc(yi,---,2/m)) 



+ Ec=l(Er=l^ac(2/l,---,ym) • #;(2/l,...,y,„,0,...,0)) • (5,,^ = 0. 



So g(yi,...,y™,0,...,0) = f{yi,...,y,n) and ^(yi, . . . , y™,0, . . . ,0) = for 
6 = 1, . . . , n in the new coordinates (yi, . . . , y„i, zi, . . . , z„). 
Consider the holomorphic function h : V —> C given by 



/i(yi, . . . , y„, zi, . . . , z„) = g{yi, . . . , y™, zi, . . . , z„) - /(j/i, . . . , y,„). (4i 



It satisfies h{yi, . . . , y„, 0, . . . , 0) = and ^(yi, . . . , y™, 0, . . . , 0) = for ah 



b — 1, . . . , n and (i/i, . . . , ijm) £ C/, so /i lies in the ideal (zi, . . . , Zn)'^. Thus, 
making V, U smaller if necessary, we may write 

h{yi, . . . , 2/m, Zi, . . . , Z„) = J2b,c=l ^bZc Qbcim, . . . , 2/m, Zi, . . . , Z„), (4.9) 

for some (nonunique) holomorphic functions Qbc '■ V ^ C with Qbc = Qcb- 

Now Crit(.9) = Crit(5) DV = j{S) n V lies in $(^7) = {zi = • ■ • = z„ = 0} 
as complex analytic subspaces of V. Therefore zi, . . . , z„ lie in the ideal I{dg) 
generated by -w^, -w^, so making U, V smaller, for each d = 1, . . . ,n there exist 
holomorphic functions Bad{yi, . . . , y™, zi, . . . , Zn),Cbdiyi, . . . , y™, zi, . . . , z„) on 
V such that using (|T5)) - (|I7g)) we have 

zd =- J2 Bad ■ -J- + J2 Cbd ■ at 



dya ' ^^ """" dib 

0—1 



ra n 



= Y.Bad- ■§i^{yi,---,ym)+ J2 E ZbZc^^{yi,---,ym,Zl,---,Zn) 
a—1 '- a— 1 6,c— 1 

n 

+ 2 X] Cbd- ZcQbciyi,---,ym,Zl,---,Zn) 
b,c=l 
n 
+ J2 Ced- ZbZc-^iyi,---,ym,Zl,---,Zn)- (4.10) 

fc,c,e— 1 

Apply ^ to (|4.10l) and restrict it to the point (0, . . . , 0) — j{x), noting that 
^(0,...,0)=0. This yields 

5cd = 2ELi Cm(0, . • • ,0) ■ Q6c(0, ... ,0), for ah c, d = 1, . . . ,n. 
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Hence the symmetric matrix [Qbc{0, • ■ • , 0))bc=i i^ invertible. Thus, by applying 
an element of GL(n, C) to the coordinates (zi,...,z„) we can suppose that 
QbciO, . . . ,0) = (5fcc for 6, c= 1, . . . ,n. 

We now define new holomorphic coordinates (yi, . . . , j/m, zi, . . . , z„) on an 
open neighbourhood V oi j{x) in V, and write g'{yi, . . . ,ym, zi, . . . , Zn) — g\v' 
for g as a, function of these new coordinates and U' — ^^^{V), such that: 

(a) 2/a = ^a for a = l,...,m. 

(b) It = Sbc at j{x) for 6, c = 1, . . . , n. 

(c) ^{U') is the submanifold zi = • ■ • = z„ = in V'. 

(d) g'ivi, . ■ . , Vm, zi,..., Zn) = f{yi,. . . , y„i) + zf -\ h z,i 

We define Zb by reverse induction on6 = n,n — 1,...,1. 

For the first step, as Qnn = 1 at j{x) = (0, ...,0), we may restrict to a 
small open neighbourhood V oi j{x) in V on which Q„„(j/i, . . . ,ym,zi, . . . ,Zn) 

1 /2 

is invertible and has a square root Q„„ . Rewrite (14. 9p on y' as 

5(^1, • ■ • , y™, 21, . . . , Z„) = /(yi, . . . , y™) + Eb.cil ^bZc Qbc ~ QnnQbnQc 

1 2 
Qnn Zn + Z.^6=l Qnn QbnZb = /(.J/lj • ■ • : ?/mj + Z^f).c=l ZbZcQbc + ^riJ 

where Qfcc = Qbc - fcjQfcnQcn, ^^n = (9,\{f 2n + X^b^l^ Q"" Qfcn^fe- (4-11) 

Note that Qbc{0, • ■ • , 0) — Sbc for b,c— 1, . . . , n — 1, as Qbc(0, ■ ■ ■ , 0) = 6bc- For 
the second step, making V' smaller so that Qn-in~i is invertible and has a 

^1/2 

square root Qn-in-i ^^ ^'' '^'^ have 

g{yi, . . . , ym, zi, • ■ • , 2«) = /(yi, . . . , y™) + E6,c=i hzaQbc + 4-i + 4: 

where Qbc = Qfcc - Qn-ln-lQbn~lQcn~l 

and Z„_i = (3y_\„_i2„-l + YXZl Qn^'ln~lQbn-lZb- 

Continuing in this way, we define i{x) ^ V' ^ V and holomorphic functions 
yi, . . . , y,„, zi, . . . , z„ : V -> C satisfying (a)-(d) above. 

Parts (a)-(c) imply that (yi, . . . , y^, zi, . . . , z^) are a coordinate system near 
j{x) in V , so making V smaller, we can suppose they are coordinates on 
V . Define a : V ^ U and /3 : F' ^ C" by a : (yi, . . . , y,„, zi, . . . , z„) H- 
(yi,---,2/m) and ^ : (yi, . . . , y„, zi, . . . , z„) i-^ (zi,.. .,z„), using coordinates 
(yi, ■ ■ ■ ,ym, zi, . . . ,Zn) on V' and (i:i,...,i;m) on U. Proposition 12.151 then 
follows from (a),(c),(d) above. 

4.4 Proof of Proposition 12.161 

We will adapt i j4.3l to the algebraic context. The first part, until just before 
(|48| . works with i{x) e U C U C U and j{x) <E V C V <Z V Zariski open 
and (ii,...,im) : f/ ^ A", (yi, . . . , y„, ii, . . . , z„) : V -)■ 4"+", (yi,...,y™. 
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5i, . . . , z„) : F — > A™"*"" etale coordinates on f/, V, V. Note that /, g are not 
functions of ia or j/q, if, or j/a, Zb, except in an etale sense, so we cannot rigorously 
write f\jj = f{xi, ■ ■ ■ , im), and so on. Nonetheless, the partial derivatives gJ-, 

In this way, we construct etale coordinates (yi, . . . , i/m, ii, • ■ • , in) on y C T/ 
such that $(C/) is the smooth K-subscheme zi = • ■ • = z„ = in T^, and 
gj-|^/^s = for 6 = 1, . . . ,ri. Now (|4.8p does not make sense on ]/, since we 

cannot extend / from U to V as f is not a function of (yi, . . . , ym)- Instead, we 
form the Cartesian square of smooth K-schemes and etale morphisms 



Ux/3 (yi,...,y„,5i,...,2„)[ (4.12) 

U X 

There is a unique v € V with a{v) — i{x), ${v) — (0, . . . , 0) and j{v) — j(x). 
Then d x /3 and J are etale, so we can regard J : V" ^> V" C V^ as an etale 
open set in V. Define etale coordinates (yi, . . . , y™, zi, . . . , i„) : V — ?> A™"'"" by 
Va = jjaoj, Zb = ZfcoJ, and define/,^ :F-^A^by/ = /od and g^goj. The 
analogue of ()4.8p is now h — g — f-.V^h. . The previous argument now shows 
that on the smooth K-subscheme U ^V defined by 21 = ■ • • = z„ = we have 
h\ij = and ^\ij = for 6 = 1, . . . , n. Therefore h lies in the ideal (ii, . . . , i„)^ 
on V. So making C/, [/, F, F smaller, we may write h — J2b c=i ^bZcQbc, the 
analogue of (I4.9p . for some Qbc : V^ -> A^ with Qbc = Qcb, where the last part 
requires char IK ^ 2, and Qbc{0, ■ ■ ■ ,0) — he becomes Qbciv) — 5bc- 

The last part of §4.31 defining the coordinates (j/i, . . . , y™, zi, . . . , z„), in- 

volves taking square roots Q„„ , (3„_]^„_]^, .... These generally will not exist on 
V or Zariski open subsets of V ^ but they will exist on etale open subsets of V , 
noting that K is algebraically closed, so that square roots exist in K. So we can 
construct an etale open neighbourhood j' : y — > y of u in y on which we define 
etale coordinates {yi, . . . ,ym, zi, . . . , Zn) ■ V -^ A'"^" satisfying the analogues 
of (a)-(d) in i|4.31 where (d) becomes g o j' = f o f + zf + ■ ■ ■ + z^. 

Set U' = {v' G V : zi(w') = ••• = z„(t;') = 0}, which is a smooth K- 
subscheme oi V as (j/i, . . . , j/m, zi, . . . , z„) are etale coordinates on y . Define 
L : U' ^ U, J : V ^ V, ^' : U' ^ V, a : V ^ U, and /3 : V' ^ A" by 
(- = ao/lc/', J = Jo/, *' = id(7', a = ao/ and /3 = (zi,...,z„). As / : V" -> V" 
is an etale open neighbourhood of v in 1/, there exists u' G V^' with f{u') — v, 
and Zfc(w') = for 6 = 1, . . . ,n as Zb{v) = Zb o j{v) = Zb{j{x)) = 0, so u' £ U 
with i(u') = aoj'(u') = d{v) = i{x). Also t,j, a x /3 are etale as d x $,j,j' are. 

To see that $ o i = j o $', note that 

(yi,...,ym,zi,...,z„) o$oi = (ii,...,i„,0, ...,0) odoyic/, 
= ((xi,...,x„) X idA") o(d X /3)oy|[;, 
= (yi,...,ym,ii,...,irO°J°yic/' oidc" = (yi, . . . ,ym, ii, ■ ■ ■ , in) ojo*', 
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using the definitions and (|4.12p . Since $ o i{u') = j{x) = ]o <J>'(u') and (yi, . . . , 
yrm zi, . . . , Zn) are etale coordinates on V C V, this implies that $01 = ^0$' 
near u' in U' , so making U' smaller if necessary we have $ o t = j o $'. The 
equations ao$' — l, /3o$' = are immediate, and goj — foa + {zf + - ■ ■ + z^)of3 
follows from g o j' = f o f + zf + ■ ■ ■ + z'^. This proves ProDOsition l2.16l 

4.5 Proof of Proposition 12.171 

For Proposition 12.171 wc first follow the proof of Proposition 12.161 in i j4.4l until 
immediately before the choice of j' : V' ^i- V, so we have etale coordinates 
{yi,..^.,ym,Zi,...,Zn) on j{x) e V C V and (£i,...,x™) on i{x) G U = 
^~^{V) C U with Xa ^ ya° ^\if, ^l$((7) = 0' and a Cartesian square (|4.12p 
with etale coordinates (yi, . . . , y™, zi, . . . , Zn) on V and v €V with q;(w) = i{x), 
P{v) = (0, ...,0) and j{v) = j{x), and functions f,g,h,Qbc : V ~^ A^ with 
f^foa, g^goj, and h^ g - f = J2b^c=i ZbZcQbc, with Q6c('y) = ^f,c- 

We have morphisms id x : [/ — > f/ x A", $|[/ : f/ ^ V" with {{xi, . . . , Xm) x 
idA") o (id X 0) = {yi,...,ym,Si,-.-,Sn)o<^\u ■■ U ^ 4"+". Thus by the 
Cartesian property of (|4.12p . there is a unique morphism ^ : U ^ V with 
(d X /3) 0$ = id X and jo^ ^ $|j/. Also ^{i{x)) = w, since (id x 0){i{x)) = 
(t(a;),0) = (d x ^){v) and $|;7(j(a;)) = j(a;) = J(w)- 

We now modify the inductive procedure in §4?3l-SJ4l to construct a Zariski 
open neighbourhood U' of i{x) in U C U, an etale open neighbourhood j' : 
V -^ V oi V in V with a o j'{V') C U' C U, a morphism $':[/' ^ V 
with j' o $' = l>|c//, etale coordinates (yi, . . . , y™, 21, . . . , z„) : V" — )► A™^", and 
regular functions qi, . . . ,q„ : U' ^ A^ \ {0}, such that: 

{&) ya ^ Va o j' ^ jja ° j o j' ior a = I, . . . ,m. 

(b) Iff = Sbc at $'(i(a;)) for 6,c = 1, . . . , n, where {y[, . . . ,y'^,z[, . . . ,z'J = 
(Jjit ■ ■ ,ym, zi, . . . , Zn) of are etale coordinates on V'. 

(c) <!>'([/') is the submanifold zi — ■ ■ ■ — Zn — in V . 

(d) ^ o y = (gi o d o y) ■ z^ H h {qn oaoj')-zl. 

In the first step of the induction, as Qnn{v) = 1 and ^{i{x)) = v, we can 
choose a Zariski open neighbourhood U' of i{x) in U such that qn '■— Qnn ° ^ 
is nonzero on U' , so that q„ ;[/'—> A^ \ {0}. Then a~^{U') is a Zariski open 
neighbourhood of v in V , with $([/') C q:^^({7') as d o $ = idfj, and 

-Pn :== (Qnn|<S-i([/')) " (^r^^ ° a|<i-i(C/')) ' ""^(t^O ^ ^^ 

is a regular function, with Pn° ^\u' = 1- 

Define j : V^ ^ F^^(A^ \{0}) C F to be the etale double cover parametrizing 
square roots of P„ wherever P„ is nonzero. Then P„ o j has a natural square 
root (P„ o j)i/2 : y -5. A^ \ {0}. Since P„ o $|[// = 1, there is a unique lift 
^ -.U' -^V such that j o $ = $|c/, and (F„ o j)i/2 o $ = 1. 
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In an analogue of (J4.11I) . we may now write 

r - / -1 1 ^ 

+ {qn°aoj) ■ |^(P„ O j)l/2 (z„ + J2'^^^ QnnQbnZb) O J 

= J2'b^=i ZbZcQbc + {q-n o a) ■ z1, (4-13) 

where z?, = z;, o j for 6 = 1, . . . , n - 1, z„ = (-Pn o j)i/2 (^^^ _|_ ^'^'J^^ QrlQbnZb) °3, 
Qbc = [Qbc - QnnQbnQc7i] ° J for 6, c = 1, . . . , 71 - 1, and d = d o j. 

In the second step we define qn-i '■= On-in-i ° ^j and making U' smaller 
we can suppose that qn-i maps [/'—!> A^ \ {0}. Then we define 

Pn-l ■■= {Qn-l7i-l\&-i{U')) ■ {ln-l °aU-i(C/')) ' &^^(U') > A\ 

so that Pn-i o l> = 1. Let J : F ^ Pn-ii^^ \ {0}) ^ V" be the etale double cover 
parametrizing square roots of P„_i where P„_i is nonzero. Then P„_i o j has a 
square root (-P„_i o J)!/^ : V" ^> A^ \ {0}, and there is a unique lift $:[/'—)► F 
such that J o $ = <l> and (P„-i o j)i/2 o $ = 1. As for (|4.13p we have 
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hojoj^ Eb,c=l Zb'ZcQbc + (<7n-l o d) • ^;„_i + (g« o d) • z^, 

where z„_i = (P„-i o jy/^(2n-i + Z)b=i^ QrT-in-iQfc^-i-^ft) ° J' -^ft = Zb°3 for 
b=l,...,n-2,n,Qbc^ [Qbc - Qn^in^iQbn-iQcn-i]o j ior b, c = 1, . . . , n - 2, 
and d = d o j'. Continuing in this way, after n inductive steps we define data 
j',V',^',ya,Zb,qb satisfying (a)-(d) above. The important diff'erence with ij4.4l 
is that each time we pass to a further etale cover V,V, . . . oiV to take a square 
root, we also lift ^\u' : U' ^- V to morphisms ^ : U' -^ V , ^ : U' -^ V , . . . , to 
these etale covers, for U' C U Zariski open. Proposition 12 . 1 71 now follows as in 
ij4. 31 -^ )4.41 with (|2.1ip coming from (d) above. 

5 Canonical bundles of d-critical loci 

Finally we prove the resuhs of fJOl Propositions HUHl [1201 and Theorem H^ 

5.1 Proof of Proposition 12.181 

We will prove the complex analytic case of Proposition l2.18l involving (a) and 
Proposition 12.151 The algebraic cases with (b),(c) and Propositions 12.161 and 
12.171 are similar. 

Let {X, s) be a complex analytic d-critical locus and x, U' ,V' , n, a, /3 be as in 
Proposition l2.15l To see there exists a unique isomorphism /3 satisfying (|2.13p . 
consider the diagram of vector bundles on U' : 



= Jid -|*|^,(d(ax/3)) s:,3- (5.1) 
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^uv\U' 






= : B" 






d 


-)u' 


-^ 



Here (|5.ip has exact rows, the first two columns are isomorphisms as a x [3 is 
etale, and the left hand square commutes since ao^\^/ = id and /? o $|j// =0. 
Therefore by exactness there is a unique isomorphism /3* making (j5.ip commute, 
and taking duals shows that (|2.13p holds. So (|2.14p prescribes <7[/v|fl', for i?' = 
i~^{U') C R C X. This (?[/v|_r' is a nondegenerate holomorphic quadratic form 
oni*{Nuv)\iir, since dzi 155 dzi + • • • + dz„ (8) dz„ is a nondegenerate holomorphic 
quadratic form on (■^, . . . , ■^)u>. 

Thus, for each x € R we can find an open x (£ R' C R and a given value for 
the restriction quvln'- Since such R' form an open cover for i?, and S'^i*{N*^,) is 
a sheaf on i?, these values for QuvIr' come from a unique guv € H^{S^i*{N^^r)) 
if and only if they agree on overlaps R' fl R" between different subsets R', R" 
in the open cover. 

Suppose x, [/', y, a, /3, i?' and a;', U" , V", a', (3' , R" are alternative choices in 
Proposition 12.151 Then (|2.14p gives values for QuvIr' and QuvIr", which agree 
on the overlap R' n R" if 

i\R'nR" [{S^hidzi (g) dzi + • • ■ + dz„ ® dz„)] 
= ^Ifl'nfl" [(5^/3')(dzi ® dzi + ■ ■ • + dz„ (g) dz„)] . 

Combining (|5.ip for [/', V^', a, /3 and U", V", a' , /3' gives a commutative diagram 
of vector bundles on U' D U" , with exact rows: 

^ TU\u ^ T{UxC")\u'xo ^ (if-, ■ • ■ , 7r-)rR ^ 

'^ d(idxO) ^ J\u XV jjl^,, ^9^1' ' dz„/U' 



id 



$|-,(d((a'x^') 



/3"o/3-i (5.3) 



dfidxO) o(ax/3)-i)) 

Here (a' x /3') o (a x ^)^i is a local biholomorphism [/ x C" — > [/ x C" 
defined near (C/' fl U") x {0}, which is the identity on C/ x {0}, and preserves 

the function / ffl zj^ + h z^ : t7 x C" ^ C. So restricting to Crit(/ ffl z? + 

■ ■ ' + -^n) ~ Crit(/) X {0} where Hess(/ ffl zj + • • ■ + z,^J is defined, we see that 
d((a' X 13') o (a X l3)-^)\critif\^,^^„)x{o} preserves Hess(/ m zf + ■ ■ ■ + z^) in 
iJ0(^2j.*(t/xC")Ut(/|„,.,„)x{0}). As 



Hess(/ Szl-\ h zl) = Hess / + dzi (g) dzi H h dz„ dz 



from ()5.3p we see that f3'* o f3* ^ preserves dzi (g dzi + • ■ • + dz„ (g) dz„ on 
Cvitiflu'nu")- That is, 

{S^0-^ o /3'))(dzi g) dzi + • ■ • + dz„ g) dz„)|crit(/|„,n„,0 
= (dzi g) dzi H h dz„ ® dz„)|crit(/|„,n„„)- 

Composing with S^$ and applying Jl^^pfl// gives (15. 2p . Hence, there exists a 
unique, nondegenerate Quv satisfying Proposition 12 . ISf a) . 

For the final part of the proposition, suppose ^ : {S,V,g,j) M^ {T,W,h,k) 
is another embedding, so that ^ o $ : (i?, U, /, i) ^-> (T, VF, h, k) is also an 
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embedding, and define N^v, Quv, Nvw,qvw and Nuw,quw from $, '3/ and * o $ 
as above. Then existence of unique ^uvw,Suvw making (|2.19p commute is 
immediate by exactness, and exactness of the hue in (|2.19p including juvwi^uvw 
also follows easily. So (|2.20p is exact on R. 

We will first prove the required isomorphism (I2.21[) exists locally. Let x ^ R. 
Applying Proposition 12.151 to $ : {R,U,f,i) ^-> {S,V,g,j) at x gives i{x) € 
U' C U, j{x) € V C V, a : V -^ U a.nd /3 : V ^ C"' for m = dimV^ - 
dim U, satisfying conditions including g\v' — f oa+ (yf + • • • + y^) o /3, writing 
(yi) • • • ) Vm) for the coordinates on C™. Then Proposition 12. 18f a) gives 

P : {dyi,...,dym)u' -^Kivlu', and 

(5-4) 
QuvIr' = ilh [{S'^$){dyi ® dyi H h dy,n <S) dy™)] , 

where R' = i~^{U') C R <Z X. Similarly, applying Proposition 12.151 to ^ : 
{S, V, g, j) ^ (T, W, h, k) at x gives j{x) G V" C V, k{x) G M^" C F, a' : VF" ^ 
y and /?' : W^" — > C" for n ~ dim W^ — dim V , satisfying conditions including 
h\w" = g o a' + [z'l + ■ ■ ■ + z^) o /3', writing (zi, . . . , z„) for the coordinates on 
C", and with S" = j"H^"). Proposition [SlUa) gives 



/§' : (dzi , . . . , dzn)v>' — > ^v*„. I V" , and 

Qvwls" ^ j\*S" [iS'^/3')idzi (g) dzi + • • • + dZn (g) dZn)] ■ 



(5.5) 



Set U'" = U'n<^-\V") andW" = a'-\V'), write (yi, ...,?/„, Zi, ... ,z„) 
for the coordinates on C'"+", and define a" : W" -^ U and /3" : W" -^ C™+" 
by a" = a o a V'" and /?" = (/? o a V'" ) X /^ V'" ■ Then 



W" 



h\w"' ^go a'\w"' + (^2 + . . . + zl) o ;3'| 

= / o a o a'lvi/'" + (yi H h y,^„) o /3 o a\w"' + {'A ^ ^ 4) ° ^'|w"" 

= / ° a" + (y? + • • • + y,l + z? + • • • + 4) o /?". 

The other conditions are easy to verify, so [/"', W'" , a", /3" ,m + n are a possible 
outcome for Proposition 12.151 apphed to \E' o $ : (i?, U, /, i) '^ (T, W, /i. A:) at x. 
Hence Proposition EHlJa) with i?'" = {-'^{U'") = R' D S" gives 

/3" : (dyi,. ..,dym,dzi,.. .,dz„)H"" ^■A^[*„,|w"", and 

gc/wU'" = i\*w"' [('S'^/3")(dyi ® dyi + • • • + dy„ (g) dy„ (5.6) 

+ dzi ® dzi + h dz„ (g) dz„)] . 

The isomorphism i*iNuw) = i*(^c/v) © j*(A^vw)|fl in (|2.2ip is now clear on 
the open subset x G R'" — R' H S" C J?, from the isomorphisms 

«lfl"'(/3) : {dyi,---,dy„i)B/'' ^^i*{Nuv)\*B/", 
j\*R,„0') : (dzi,...,dz„)fl...^j*(7V,„)|^,„, 
«lfl"'(p ) : (dyi, ■ ■ • ,dym)fl/" © (dzi, . . . ,dz„)fl/" -^ i* {Nuw)\*r'" ■ 
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It is easy to see this isomorphism is compatible with (|2.20p . and (I5.4l) - (|5.6p 
imply that the isomorphism induces equation (|2.22l) on R'" . 

Now isomorphisms (12.211) compatible with (|2.20p are in 1-1 correspondence 
with complementary vector subbundles to i*(7[/vw)(**(-^c/v)) in i*{Nuw)- In 
this case, the complementary vector subbundle is just the orthogonal subbun- 
dle to i*{'^uvw){i*[Nuv)) using the complex inner product quw on i*(7V[j„,). 
This orthogonal subbundle is complementary provided quw\i-' ('^uvw)(i' (Nuv)) i^ 
nondegenerate, which holds as this restriction is isomorphic to quv 

Thus, the isomorphism (|2.2ip exists locally on i?, and is unique (even locally) 
if it exists. So we can glue local choices on an open cover of R by subsets R'" to 
get a unique global isomorphism (|2.2ip compatible with (|2.20l) and (|2.22p . This 
completes the proof of Proposition 12.181 

5.2 Proof of Proposition [2T20] 

Let $ : (i?, [/, /, i) ^->- (S", V,g,j) be an embedding of critical charts on a complex 
analytic d-critical locus {X, s). Fix x G R ^ X. As for (|2.12l) . define the normal 
C- vector spaces Nxu\x,Xxv\x to X in U,V at x by the exact sequences 

^ T,X ^ ^ T,(,)[/ ^ N^ulx ^ 0, 

dill (^-^^ 

*- T^X *- Tj(2.)y *- Nxv\x *- 0, 

where T^X is the Zariski tangent space of X at x. Write diniTj-X = I, dim U = 
I + m and dim V — I + m + n, so that dim N^ulx = 'ti, dim Nxv\x = m + n, and 
AiviiN„v\i(x) = ^- As for (|2.23p . equation (|5.7p induces isomorphisms 



(5.8) 



Px^U ■■ A'r;A A™+"7v;^,u -^ a'+'»+"t;(^)1/ = KvI^^x)- 

We also have a commutative diagram with exact rows: 

^ T.^X ^ T,(^)U s- T*i.U ^ T:X ^ 

id I Id*|.,., : lid (5.9) 

diU ^ -,, HosSj(^)3 ? djl^ ' 



^ T^X -^^ Tj(^)V ^-^ T*^^~^V —^ T*X ^ 0. 

Since TxX = Ker(HesSi(a;) /), by (|5.7p IIesSi(a;) / is the pullback to Ti(x)U of a 
nondegenerate quadratic form IIess^(3.-) / on Nxu\x- Then det(HesSi(2.) /) is a 
nonzero element of A^iV^^jf . Similarly, IIesSj(3,) g is the pullback to Tji^^^V 

of Hess^(^) g on Nxv\x, and ^ det(Hess^-(^) g) € A™+"7V*^|f'. 
In a similar way to p.20p . there is a natural exact sequence 

^ Nxv\x ^ Nxv\x ^ Nuvl(x) ^ 0, (5.10) 
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and as for (|2.2ip . there is a unique isomorphism Nxv\x — Nxu\x © Ni,v\i(x) 
compatible with (|5.10p and identifying Hess^^^-, g with Hess^j^,) / © quv\x ® as 
in (|2.22l) . From this, we deduce that the following diagram commutes: 



(A'+'"i;(.)C/)« ^K^ kx) — 



di8dct(g[/v)U 



^K, 



«|,(.)®A»iV*,L^,) 



D® I 

id{8)dct(HcssJ,^, /) 



J^[ 



(A'+"+"T* .y) 



i(^) 



X® Iv ^ (5.11) 



id(8dct(Hcss^(^j g) 



(a't^*a:)® (gjA^+^iv*^!^ 



Here the upper right triangle is the restriction of (|2.24p to x, and depends 
on $. But the rest of the diagram depends on x, {R, U, /, i), (5*, V, g, j) but not 
on $. So ()5.1ip a diagram of commuting isomorphisms implies that J$|x is 
independent of the choice of $. Thus, if $,$ : {R,U,f,i) M> {S,V,g,j) are 
embeddings of critical charts, then Jg,\x = J^\x for all x e i?'""^. As i?™*^ is a 
reduced complex analytic space, this implies that J,;, = J^, as we want. 

To prove (J2.25I) . consider the commutative diagram 



■«)l 




from 12.201 I 
id®det(5[;i,) i*f_ft'® )« id(8dot(gv-»') , \ 







which includes (|2.24p for $, '5 and ^1^0$, where the top left triangle commutes 
by (|2.22p . This proves Proposition 12. 201 for complex analytic d-critical loci. 

In the algebraic case, for {X, s) an algebraic d-critical locus over a field K, 
the argument above shows that for each scheme-theoretic point x of the reduced 
K-subscheme R'"^'^ we have J^\x = Ji\x, where (|5.7p - (l5.1ip are now diagrams 
of finite-dimensional vector spaces over the residue field of X at x, rather than 
over C Since R is a reduced K-scheme and J$, J$ are isomorphisms of line 
bundles on i?''"'^, J^\x — Ji\x for each x e R'^°'^ imphes that J$ = J<|. The rest 
of the proof is as for the complex analytic case. 
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5.3 Proof of Theorem [2721] 

Observe that the structure of the first part of Theorem 12.11 characterizing the 
sheaf Sx by parts (i),(ii) and proved in ij3.1[ is very similar to the structure 
of Theorem 12.211 characterizing the sheaf Kx.s by (i),(ii)- We will follow the 
method of H3.ll to prove Theorem 12.211 We handle the complex analytic and 
algebraic cases together. The analogues of Lemmas 13. 1[ 13.21 and 13.31 are Propo- 
sition 1^:^ Theorem Ul^ and: 

Lemma 5.1. Let {R,U, f,i),{S,V, g,j) be critical charts on {X,s). Then there 
exists a unique isomorphism 

J|;j;;- : ^*{K§%...^s-'^ ^ / (if?')lfl-ns- (5.12) 

such that if X, U' CU,V' C V, (T, W, h, k) and $ : (i?', U' , /', i') ^ (T, W, h, k), 
\1/ : (S' ,V' , g' ,j') ^->' (T,W,h,k) are as in Theorem I2.13[ and J^,J^ir are as in 
Definition \2.19\ for $, ^, then 

'^R,uj'.l\R'"='^nS'""i = J^ o J$ lifted ng/rcd. (5.13) 

Also, if (T, W, h, k) is any other critical chart on [X, s) then 



jR,U,f,i _ -J jR.U.f.i _ ( jS,V.g,j\ -^ 

'^R.uj.i — ^'^i*{Kfj)\^,^a^ '^s.v.g.j — K'^R.uj.i) ; 

^rr,^ TT,W,h,k ^ JS. V,g,j\ jT,W,h,k\ 

ana ''s,v,g,3 ° •JR,uj,i\R""^nS""^nT""^ — ■JR,u,f,i \R""^nS""^nT'< 



(5.14) 



Proof Suppose x, C/', V , $, *, {T,W,h,k) and x, U' , V' , $, ^, {f,W,h,k) 
are two possible choices in Theorem 12.131 We will show that 

J-^ O J$|j,;/rcdnS'"dn_R'«=dn5/rcd = J^ O J|, | ^,,ed pg/rcd ^flTcd ^S'^d ■ (5.15) 

Let X e R"""^ n S'""^ n R'""^ n S'""^ C T n r. Then applying Theorem ^J^ 
to x,{T,W,h,k),{t,W,h,k) yields open i e T' C T, 5 e t' C T, a critical 
chart {f,W,h,k) and embeddings 9 : {T',W',h',k') ^ (T,W,h,k) and S : 

if\W',h',k') ^ {f,W,h,k)- 

Set U" = <^-^{W') n ^-\W'), V" = *-i(Vr') n "^-^(W'), and let {R", 
U"J",i") C iR,UJ,t), iS",V",g"J") C iS,V,g,j) be the corresponding 
subcharts. Then we have a diagram of embeddings of critical charts 



(i?", f/", /", *") ^ (T', W\ h\ k') 




(T,W,h,k). 



(5", V",g",j") (r, W, h', k') 

Hence we have 

Je O J<I.|fl//rcd = Jeo$|_R"rod = JeO^Ib/"'"^ = Je.° J|,|fl"r<=d, 

(5.16) 
Je ° J^ls'Tod = Jeo*|s"«"i = •^Ho^ls"""' — Je° J^fls"""^! 
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using (|2.25p in the first and third steps of each hne, and the first part of Propo- 
sition [S^lO] in the second steps. Restricting ((5?T6| to R'"'"^ n S"""^ , inverting the 
second hne, and composing with the first hne gives 

This proves (I5J5)) on the open neighbourhood R"'°'^ D 5""°^ of i in i?""^ fl 
5/red p ^/rcd p _5./red^ ^g ^j^jg ^^^j^g f^j. ^^^ g^j,j^ ~^ equation (I5J51) holds. 

Thus, Theorem 12.131 shows that for each x G R"'^'^ fl S'™'^ we can choose an 
open neighbourhood R""^'^ f) 3'^'°'^ on which the restriction of J^'c/'/'i ^^ defined 
by (|5.13p . These open neighbourhoods _R"'°^n5"°^ form an open cover of _R''°'^n 
5'"'^, and on overlaps {R'""^ n S'""^) D (i?'"'* n S""'*) the corresponding values 
of J^'u'^f'i agree. Therefore by properties of sheaves there is a unique morphism 
JrIuM in (I5TT2)) such that ((57l3l) holds for aU applications of Theorem [2TT31 
Finally, we prove (I5.14p by the method used for (I3.6l) - p.7p in Lemma [5751 D 

Theorem 12.211 now follows from Lemma 15.11 in the same way that the first 
part of Theorem 12.11 was deduced from Lemma 13.31 in i J3.1l 
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